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Summary

Phase behavior in shale remains a mystery because of various
complexities and effects. One complexity is from nanopores, in
which phase behavior is significantly affected by the interaction
between the pore surfaces and fluid molecules. The result is the
heterogeneous distribution of molecules that cannot be described
by bulk-phase thermodynamic approaches. Statistical thermody-
namic methods can describe the phase behavior in nanopores. In
this work, we apply an engineering density functional theory
(DFT) combined with the Peng-Robinson equation of state (EOS)
to investigate the adsorption and phase behavior of pure substan-
ces and mixtures in nanopores, and include the characterization of
pore structure of porous media. The nanopores are represented by
carbon-slit pores each consisting of two parallel planar-infinite
structureless graphite surfaces. The porous media are activated
carbons and dry coal, each modeled by an array of polydisperse
carbon-slit pores. We study the influence of multiple factors on
phase transitions of various pure light species and their mixtures
in nanopores. We find that capillary condensation and hysteresis
are more likely in heavier hydrocarbons, at lower temperatures,
and in smaller pores. For pure hydrocarbons in nanopores, the
phase change always occurs below the critical temperature and
saturation pressure. For mixtures in nanopores, there may be a
phase change above the cricondentherm. We characterize the pore
structure of porous media to obtain the pore-size distribution
(PSD), surface area (SA), and pore volume (PV) on the basis of
the measured adsorption isotherms of pure substances. Then, we
use the computed PSD to predict the adsorption of mixtures in po-
rous media. There is agreement between the experiments and our
predictions. This work is in the direction of phase-behavior mod-
eling and understanding in shale media.

Introduction

Shale gas and shale light oil have had a game-changing impact in
hydrocarbon production in the past few years. To predict the well
productivity of shale reservoirs, the knowledge of phase behavior
and fluid flow of hydrocarbons is key. Phase behavior in shale gas
and shale light-oil reservoirs is dramatically different from that in
conventional reservoirs and tight gas and oil reservoirs. One com-
plexity is from the dual nature of shale permeable media. In con-
ventional reservoirs and tight reservoirs, the oil and gas are the
only organic matter. In shale reservoirs, the organic matter also
constitutes a portion of the rock in solid form (kerogen). The other
portion of the shale rock is inorganic matter, such as clay. Another
complexity is from the nanopores widely distributed in both or-
ganic and inorganic matter. Nanopores may result in a large share
of adsorption of hydrocarbon molecules in relation to the total
(Montgomery et al. 2005). The phase behavior becomes very
complex in shale reservoirs because of multiple effects. In a num-

ber of shale light-oil reservoirs, the sampled fluids are strongly
undersaturated, but the gas/oil ratio increases significantly at the
early stage of production. In conventional reservoirs, the gas/oil
ratio will stay constant until the reservoir pressure drops below
the saturation pressure. To understand the phase behavior in shale
reservoirs, we need to understand the phase behavior in both or-
ganic and inorganic portions of the shale, which is tied to the
phase behavior in nanopores and some other complexities depend-
ing on the type of organic and inorganic matter. In this work, the
focus is on the phase behavior in nanopores. In future publica-
tions, other complexities of the organic and inorganic matter will
be introduced. The ultimate goal of our work is to describe the
phase behavior in shale reservoirs.

The phase behavior (defined in terms of adsorption and phase
transitions) of pure substances and mixtures in very-small pores,
with size of a few molecule diameters, is of fundamental impor-
tance for many industrial and geophysical operations besides
shale gas and shale light oil. Fluids confined within small pores
may exhibit a wide range of phase behavior. The introduction of
surface forces and the competition between fluid/surface and
fluid/fluid interactions may lead to the heterogeneous distribution
of fluid molecules in small pores. Various surface-driven phase
transitions are significantly different from those in the bulk. For
instance, a fluid near a single solid surface may give rise to the
intricate prewetting and wetting transitions (Gelb et al. 1999). The
behavior becomes even more complicated in small pores because
some characteristic measures of confinement (such as pore size,
geometry, and chemistry of solid surface) may result in diverse
transitions such as layering and capillary condensation. Phase
transition may be more complicated in nanopores than in large
pores because the surface molecules can influence the fluid mole-
cules in the whole pore space. Adsorption and desorption some-
times do not follow the same path. Hysteresis in adsorption and
desorption can be interpreted in terms of thermodynamic meta-
stability, where the system is trapped in a local free-energy mini-
mum (Gelb et al. 1999). The adsorbed molecules (more precisely,
the stronger fluid/surface interaction over fluid/fluid interaction
near the surface) contribute mainly to the hysteresis. Hysteresis
may have a large effect on hydrocarbon production in shale reser-
voirs because both organic matter and inorganic matter demon-
strate a wide range of pore sizes from less than one to tens of
nanometers.

Adsorption in porous media depends on bulk pressure, tempera-
ture, PV, surface area, PSD, and pore chemistry. In this work, we
do not consider different pore chemistries important in shale media.
The pores are classified as micropores with sizes smaller than 2
nm, mesopores with sizes between 2 and 50 nm, and macropores
with sizes greater than 50 nm, according to the International Union
of Pure and Applied Chemistry. In the characterization of a porous
medium, typically nitrogen (N2) adsorption/desorption isotherms
are measured at 77 K to the saturation pressure. At saturation pres-
sure, the gas condenses to liquid in the pores completely. The
adsorbed amounts and capillary condensation/evaporation pressures
are related to the geometrical properties of the porous medium. The
specific surface area is usually assessed from the adsorption
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experiments before the capillary condensation on the basis of the
Brunnauer-Emmet-Teller (BET) method of multilayer adsorption.
By assuming that the pore surface is completely and uniformly cov-
ered by the fluid molecules, the surface area is estimated from the
number of fluid molecules in the first layer and the area occupied
by each fluid molecule (Brunauer et al. 1938; Roque-Malherbe
2007). The t-plot method establishes the relation between the thick-
ness of multilayer adsorption t and adsorbed amount to estimate the
volume of micropores and the surface area excluding the micro-
pores (Halsey 1948; Roque-Malherbe et al. 2007). The Barret-Joy-
ner-Hallenda (BJH) method is used to determine the PSD in the
mesopore range from the desorption data on the basis of the Kelvin
equation, which describes the relation between the pore size and
condensation pressure. At the initial pressure of desorption, all the
pores are filled with liquid. As the pressure drops, desorption
evolves from the vaporization of the condensed phase in smaller
pores and thinning of the adsorption layer in larger pores where the
condensed phase has already been removed (Cohan 1938; Barret
et al. 1951; Roque-Malherbe 2007). These techniques may have
limitations. The BET, t-plot, and BJH methods are all based on
multilayer adsorption. The BET method may be inaccurate for
micropores because multiple adsorption layers may not form. The
BJH method may have a large error for micropores because the
Kelvin equation may not be valid (Adesida et al. 2011; Kuila and
Prasad 2011).

There has been gradual progress in estimating mixture adsorp-
tion in porous media comprising nanopores. The benchmark is the
“ideal adsorbed solution theory” by Myers and Prausnitz (1965).
This method does not require modeling of the adsorbent or the
adsorbates; its performance deteriorates for increasingly nonideal
systems (Sweatman and Quirke 2002). The nonideal behavior
from the interaction between fluid molecules could be described
by adopting different approximations. Traditional approaches
such as the Langmuir and BET methods have also been applied to
study the adsorption of mixtures in porous media (Langmuir
1916; Halsey 1948; Roque-Malherbe 2007). Qiao et al. (2000)
and Dreibach et al. (1999) applied the extended Langmuir model
to correlate the adsorption isotherms of pure substances in acti-
vated carbon and to determine the model parameters. The parame-
ters are then used to predict adsorption of binary and ternary
mixtures in the same activated carbon (Dreibach et al. 1999; Qiao
et al. 2000). Despite the fact that the agreement between computa-
tions and data was satisfactory, because of a large number of pa-
rameters, these methods are unlikely to be efficient for the
analysis of adsorption of various fluids in different porous media
with a wide range of pore sizes. These methods require the knowl-
edge of adsorption in porous media a priori. The Langmuir model
is derived under the assumption that the fluid molecules form only
one adsorption layer near the solid surface and in the rest of the
domain the fluid is homogeneous (that is, the bulk). This is not the
case in nanopores, as we see clearly in this work. The BET model
is derived under the assumption that the fluid molecules form a pos-
sibly infinite number of adsorption layers near the solid surface.
The use of the Langmuir and BET models is based on the empirical
parameters that are obtained through matching the adsorption data.
The parameters do not have generality because they must be
adjusted for different fluids and different porous media. The exten-
sion of these methods to mixtures is not straightforward. There is
need for additional approximations and adjustable parameters.

The more theoretically sophisticated local-density theories
(Rangarajan et al. 1995; Subramanian et al. 1995) use an EOS
modified for confined fluids. In principle, the behavior of con-
fined-fluid phase is obtained by equaling the chemical potentials
of bulk and adsorbed phase, which is described by the EOS and
fluid/solid potential (Ustinov and Do 2003). Shapiro and Stenby
(1998) and Monsalvo and Shapiro (2007; 2009a, 2009b) devel-
oped a multicomponent potential theory of adsorption (MPTA) to
study mixture adsorption in porous materials. The key idea of
MPTA is that chemical potential of a component in a mixture is
contributed by a bulk phase described by EOS and a potential-
energy contribution depending on the distance to the adsorbent
(Monsalvo and Shapiro 2007). With simple assumption of adsorp-

tion potential and adjustable parameters, MPTA shows good
agreement with experimental data in multicomponent adsorption
in porous media [Shapiro and Stenby (1998); Monsalvo and Sha-
piro (2007; 2009a,2009b)]. Although the properties of adsorbates
can be described by an EOS in macropores; the properties in
micropores (<2 nm) are completely different from those in the
bulk. In micropores, statistical thermodynamics from the molecu-
lar perspective is necessary (Monsalvo and Shapiro 2007). The
MPTA approach may not describe the hysteresis process.

The DFT and grand canonical Monte Carlo (GCMC) simula-
tion have been widely adopted to study adsorption and phase
behavior of fluids in small pores and in porous media (Gelb et al.
1999). These statistical thermodynamic approaches are based on
the description of fluid/fluid and fluid/surface interactions and
connect the heterogeneous molecular distributions in a pore to the
macroscopic properties. They are applicable both to pure substan-
ces and to mixtures. There is no need to assume monolayer or
multilayer adsorption a priori. GCMC simulation can account for
more details of molecular structures; DFT is computationally
much more efficient. The equilibrium-density profiles are ob-
tained by minimizing the grand potential in DFT. Because DFT
considers nonlocal behavior of structural and thermodynamic
properties, it can be used to study complicated problems such as
interfacial phenomena and phase transition. Many versions of
DFT have been applied to study adsorption of fluids in small
pores and in porous media. The past work is based on the use of
the statistical associating fluid theory (SAFT) and its analogs
(Chapman et al. 1988; Chapman et al. 1989; Chapman et al.
1990). SAFT is not the best choice in describing hydrocarbon flu-
ids because conventional cubic EOSs have higher accuracy and
less mathematical complexity. The DFT study of mixture adsorp-
tion in porous media is very limited. Ottiger et al. (2008a) have
applied a lattice DFT to study the adsorption of pure substances
and mixtures consisting of N2, methane, and carbon dioxide
(CO2) in a dry coal. Although this model can reproduce the
adsorption isotherms, it introduces many assumptions, has com-
plicated formalism, and contains a large number of adjustable
parameters.

The Peng-Robinson EOS (PR-EOS) (Peng and Robinson
1976; Robinson et al. 1985) can accurately describe the phase
behavior and thermodynamic properties of bulk hydrocarbon
fluids. It has been successfully applied to numerous hydrocar-
bon-reservoir fluids. Encouraged by its excellent performance in
relation to bulk-phase description, recently we have proposed an
engineering version of DFT to extend the PR-EOS from the bulk
to the heterogeneous condition where molecular distribution is
not uniform (Li and Firoozabadi 2009). We use the weighted-
density approximation (Rosenfeld 1989) and quadratic-density
expansion (Ebner et al. 1976; Ebner and Saam 1977) to make
the extension from homogeneous to heterogeneous conditions.
Its validity has been confirmed by accurate prediction of interfa-
cial tension of pure substances and binary mixtures. The SAFT-
based DFT cannot describe both bulk and interfacial properties
simultaneously using the same set of parameters, which leads to
thermodynamic inconsistency.

In this work, we adopt our engineering DFT to study the
adsorption and phase behavior of pure substances and their mix-
tures in nanopores and in porous media consisting of nanopores.
We first investigate the influence of species, temperature, and
pore size on adsorption and capillary condensation of pure hydro-
carbons and mixtures in carbon-slit nanopores. The investigation
establishes a basic knowledge on phase transitions of fluids in
very small pores. Then, we study the adsorption of fluids in well-
defined carbonaceous porous media; that is, activated carbons and
dry coal. We use the adsorption isotherms of pure substances in a
porous medium to obtain a unique PSD. In the past, the computed
PSD has not been found to be unique for a given porous medium.
Adopting different methods and correlating different adsorption
isotherms have produced different PSDs (Sweatman and Quirke
2001). However, the PSD is an intrinsic property of a porous me-
dium and should not vary for a given sample. We use the unique
PSD from adsorption isotherms of pure substances to predict the
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adsorption of binary and ternary mixtures in the same porous me-
dium. There is agreement between our predictions and measure-
ments. Compared with the alternative methods, especially the
lattice DFT by Ottiger et al. (2008a), our DFT has an EOS foun-
dation, much simpler formalism, only one adjustable parameter,
and broader applications.

The remainder of this article is organized as follows. We first
present a very brief formulation of our DFT and describe how to
obtain the only unknown parameter to complete the theory. Then,
we examine the adsorption and desorption of pure hydrocarbons
and mixtures in single carbon-slit pores and discuss how our
results can explain some aspects of phase behavior in shale. Next,
we use the adsorption data of both pure substances and mixtures
in three activated carbons and dry coal to systematically examine
the performance of our theory. At the end, the main results and
conclusions are summarized. Appendix A provides a brief theoret-
ical background for the classical DFT.

Basic Formalism

In a nanopore, the fluid molecules are heterogeneously distributed
because of the position-dependent fluid/surface interactions and
the competition between fluid/fluid and fluid/surface interactions.
DFT constructs the free energy depending on different approxi-
mations and expresses it as functional of heterogeneous molecular
distributions to describe the fluid/fluid and fluid/surface interac-
tions. The equilibrium molecular distributions are computed at the
minimum of the free energy, and then macroscopic properties,
such as adsorption amount, are readily computed.

The problem is formulated in terms of species distributions in a
nanopore linked to the outside (or bulk) where the composition,
temperature, and pressure are fixed (i.e., the fluid in the nanopore
constitutes an open system). The temperature in the nanopore is
identical to that in the outside. The volume of the nanopore is fixed.
It is different from a closed system (specified by constant tempera-
ture, volume or pressure, and number of molecules) that has only
energy exchange with the bulk through a solid boundary, and uses
the Helmholtz energy or Gibbs energy as the thermodynamic func-
tion. An open system (specified by constant temperature, volume,

and chemical potentials) has both energy and mass exchange with
the bulk through an imaginary boundary, and the grand potential is
the thermodynamic function of choice. The grand potential func-
tional Xf½qkðrÞ�g is related to the Helmholtz free-energy functional
Ff½qkðrÞ�g by the Legendre transformation,

Xf½qkðrÞ�g ¼ Ff½qkðrÞ�g þ
X

k

ð
drqkðrÞ½WkðrÞ � lk�;

� � � � � � � � � � � � � � � � � � � ð1Þ

where dr is the differential volume, qkðrÞ is the number density
distribution of component k at position r, WkðrÞ is the external
potential of component k at position r from the solid surface, and
lk is the chemical potential of component k. The Helmholtz free-
energy functional Ff½qkðrÞ�g can be further decomposed into the
ideal-gas term without the intermolecular interactions and the
excess term accounting for the intermolecular interactions leading
to the thermodynamic nonideality:

Ff½qkðrÞ�g ¼ Fidf½qkðrÞ�g þ Fexf½qkðrÞ�g: ð2Þ

Fidf½qkðrÞ�g is known exactly. Fexf½qkðrÞ�g is formulated ap-
proximately. In our engineering DFT, Fexf½qkðrÞ�g consists of
two parts. The first part is extended from the PR-EOS (Peng and
Robinson 1976; Robinson et al. 1985) by adopting the weighted-
density approximation (Rosenfeld 1989). The second part is sup-
plemented by the quadratic density expansion (Ebner et al. 1976;
Ebner and Saam 1977) and vanishes in the bulk. The details are
provided in our article (Li and Firoozabadi 2009) and are not
repeated, for the sake of brevity. At local or global minimum of
Xf½qkðrÞ�g, its functional derivative is zero; that is, dX=dqkðrÞ ¼
0. Equivalently, the chemical potential of each component in the
nanopore is identical to that in the bulk phase outside; that is,
lk ¼ WkðrÞ þ dF=dqkðrÞ (Eq. A-6 in Appendix A is for a single-
component system), and the equilibrium-density distributions
satisfy

qkðrÞ ¼ exp blk � bWkðrÞ �
dbFex

dqkðrÞ

� �
; ð3Þ

where b ¼ 1=ðkBTÞ, with kB and T being the Boltzmann constant
and absolute temperature, respectively.

Activated carbons can be represented by a polydisperse array
of carbon-slit pores when using DFT and GCMC (Ravikovitch
et al. 2000). This model is also considered to be a good approxi-
mation to the nature of kerogen pores in shale (Adesida et al.
2011; Kuila and Prasad 2011). In a slit pore, the density distribu-
tions vary only in the z-direction perpendicular to the solid surfa-
ces; that is, qkðrÞ ¼ qkðzÞ. We assume the solid surface to be a
planar-structureless graphite wall, as shown in Fig. 1 (Raviko-
vitch et al. 2000). The interaction between the surface and com-
ponent k is described by the Steele 10-4-3 potential (Steele
1973),

UskðzÞ ¼ 2pqseskr
2
skD

2

5

rsk

z

� �10

� rsk

z

� �4

� r4
sk

3Dð0:61Dþ zÞ3

" #
;

� � � � � � � � � � � � � � � � � � � ð4Þ

where qs¼0.114 Å–3 is the density of graphite and D¼3.35 Å is
the interlayer spacing of graphite. esk and rsk are estimated from
the simple mixing rules: esk ¼

ffiffiffiffiffiffiffiffi
esek
p

, and rsk ¼ ðrs þ rkÞ=2. rk is
the “molecular diameter” of component k and can be calculated
from its volume parameter of the PR-EOS (Li and Firoozabadi
2009). We assume the diameter of surface molecules rs to be
3.345 Å, as used by Olivier (1995). ek is the attraction-energy pa-
rameter of component k (Li and Firoozabadi 2009). es is the
attraction-energy parameter of surface molecules. The external
potential for component k is expressed as WkðzÞ ¼ UskðzÞ near a
single graphite surface or as WkðzÞ ¼ UskðzÞ þ UskðH � zÞ in a
carbon-slit pore. H is the apparent size of the slit pore. The inner
(or effective) pore size is Hin ¼ H � rs.

. . . . . . . . . .

. . . . . . . . . . . .

Hin

H Δ

Fig. 1—Molecular model of fluid in a carbon-slit pore. Black and
green spheres represent carbon atoms and fluid molecules,
respectively (Ravikovitch 2000).
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We adopt a modified successive-substitution iteration to
update the density distributions by linearly combining the input
and output of Eq. 3 as a new input. It is a decent method, and the
solution of Eq. 3 is at least a local minimum of X. The calculation
of an isotherm is started at a sufficiently low pressure and ended
at a sufficiently high pressure in the adsorption process (or vice
versa in the desorption process) where X only has the global mini-
mum. At the first pressure in the adsorption process where the ini-
tial guess is not available, the bulk density is used for the
initialization. The solution of density distributions at other pres-
sures uses the results at the preceding pressure as the initial guess
in both adsorption and desorption processes, and X may converge
to a local minimum if it exists. The calculation of adsorption and
desorption isotherms simulates the real experimental procedure.
As in the PR-EOS (Jhaveri and Youngren 1988), we introduce the
volume translation to correct the equilibrium-density distribution
calculated from Eq. 3.

Tables 1 and 2 provide the fluid parameters. In the PR-EOS
with the volume translation, for each component, the critical tem-
perature Tc, critical pressure Pc, acentric factor x, and molar
weight Mw are known, and dimensionless volume shift parameter
(VSP) is obtained from fitting the equilibrium liquid density at
T=Tc¼0.7; between any two components, the binary interaction
coefficient kij is the same as that used by Firoozabadi (1999). In
the DFT, besides these parameters, for each component, the
attraction-energy parameter e is provided by Li and Firoozabadi
(2009). The only unknown is the attraction-energy parameter of
surface molecules es, which is determined by fitting the adsorption
isotherm of N2 in Sterling graphite at 77.3 K (Olivier 1995; Ravi-
kovitch et al. 2000). The excess adsorption per unit surface area

for N2 is calculated from Qex ¼
Ð1
0

qðzÞdz�
Ð1

rsf

qbdz, with qb being

the bulk density. Fig. 2 shows good agreement between experi-
ments and our calculations on the basis of es=kB¼20 K, which is
used in the rest of this work. Therefore, our theory does not con-
tain adjustable parameters in the study of adsorption in a single
carbon-slit nanopore and in porous media.

Results and Discussion

In the following, we first present the results of computations for
adsorption and phase behavior in a single carbon-slit pore. Then,
we verify the model predictions with measured adsorption data in
activated carbons and dry coal for both pure substances and
mixtures.

Adsorption and Desorption in a Single Carbon-Slit Nanopore.

We first investigate the influence of type of species, temperature,
and pore size on adsorption and desorption in a single carbon-slit
pore. The absolute adsorption of component k per unit of inner

PV is defined as qave;k ¼
ÐH
0

qkðzÞdz=Hin; that is, all molecules in

the pore are included. qave;k is also the average density of compo-

nent k in the pore.
Fig. 3 depicts the adsorption and desorption isotherms of C1,

C2, C3, n-C4, and n-C5 at 303.15 K for H¼ 3 nm. Except for C1

and to some extent C2, all the other hydrocarbons show vapor/liq-
uid transition in the bulk at the saturation pressure. For C1 and C2,
because 303.15 K is higher than the critical temperature of C1 and
slightly lower than the critical temperature of C2, no capillary
condensation is observed. qave increases smoothly with pressure,
and the adsorption and desorption processes completely overlap.
For C3, n-C4, and n-C5, because their critical temperatures are

TABLE 1—CRITICAL TEMPERATURE Tc, CRITICAL

PRESSURE Pc, ACENTRIC FACTOR x, MOLAR WEIGHT

Mw, VOLUME SHIFT PARAMETER (VSP), and ATTRACTION

ENERGY e FOR DIFFERENT SPECIES

Species Tc (K)

Pc

(MPa) x
Mw

(g/mol) VSP e=kB (K)

N2 126.21 3.390 0.039 28.01 �0.16562 700

CO2 304.14 7.375 0.239 44.01 �0.06225 1,760

C1 190.56 4.599 0.011 16.04 �0.1533 1,178

C2 305.32 4.872 0.099 30.07 �0.1094 1,540

C3 369.83 4.248 0.153 44.10 �0.0869 1,866

n-C4 425.12 3.796 0.199 58.12 �0.0672 2,236

n-C5 469.70 3.370 0.251 72.15 �0.03865 2,517

TABLE 2—BINARY INTERACTION COEFFICIENT kij BETWEEN

ANY TWO SPECIES

N2 0 — — — — — —

CO2 0 0 — — — — —

C1 0.1 0.15 0 — — — —

C2 0.1 0.15 0.034 0 — — —

C3 0.1 0.15 0.036 0 0 — —

n-C4 0.1 0.15 0.038 0 0 0 —

n-C5 0.1 0.15 0.041 0 0 0 0

— N2 CO2 C1 C2 C3 n-C4 n-C5
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Fig. 2—Adsorption isotherm of N2 on a Sterling graphite sur-
face at 77.3 K. Po is 1 atm, the saturation pressure of N2 at 77.3
K. The symbols represent experiments by Ravikovitch et al.
(2000) and Olivier (1995) and the line is from our calculation.
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Fig. 3—Adsorption isotherms in a carbon-slit pore at 303.15 K
and H 5 3 nm for C1, C2, C3, n-C4, and n-C5. Solid and dashed
lines represent adsorption and desorption, respectively. The
thin lines describe the bulk-density change with pressure.
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much higher than 303.15 K, the adsorption isotherms entail a cap-
illary condensation, and the difference in the adsorption and de-
sorption processes gives rise to hysteresis. Both capillary
condensation and vaporization (hysteresis) occur at a pressure

lower than the saturation pressure, as the plots in Fig. 3 show. For
capillary condensation, the behavior is similar to the Kelvin effect
with lowering of the vapor pressure. As expected, the hysteresis
becomes more pronounced as molar weight increases. The hyster-
esis is interpreted from thermodynamic metastability correspond-
ing to a local minimum of free energy. The hysteresis in porous
media is not as sharp as that in a single pore because porous
media consist of many pores of different sizes that show hystere-
sis at different pressures. The hysteresis, or more generally
adsorption amount in pores and in porous medium, are connected
by the PSD.

The metastable phase transitions are recognized from the vari-
ation of density distribution with pressure, as illustrated in Fig. 4
for C3 at 273.15 K and H¼ 3 nm. We name the domain near the
surface the adsorbed region and the domain near the pore center
the free region. It should be emphasized that we only use these
terms to help understand the phenomenon. In fact, when solving
Eq. 3, we do not make any assumptions for the equilibrium-den-
sity distributions in the pore a priori. The computed-density distri-
butions are smooth curves. Therefore, unlike traditional theories,
our model could not distinguish between the adsorbed phase and
free phase by artificially dividing a density profile into several
regions. The adsorbed region may contain two adsorption layers.
In the adsorption process, when the pressure slightly increases
from 0.185 to 0.1851 MPa, the free region suddenly changes from
vapor to condensed liquid, leading to a sudden increase in qave;
that is, capillary condensation occurs. Conversely, in the desorp-
tion process, when the pressure slightly decreases from 0.1314 to
0.1313 MPa, the free region suddenly changes from condensed
liquid to vapor, leading to a sudden decrease in qave; that is, capil-
lary vaporization occurs. The density of the adsorbed region is not
markedly affected, but the density of the free region changes
significantly.

Fig. 5 shows the adsorption and desorption isotherms for C3 at
different temperatures for H¼ 3 nm. As expected, as the tempera-
ture increases, the hysteresis weakens, shifts toward higher pres-
sures, and then vanishes, although the vapor/liquid transition
occurs at all temperatures in the bulk. The effect of temperature is
discussed further later.

Fig. 6 depicts the effect of pore size H on the adsorption and
desorption behavior for C1 and n-C4 at 303.15 K. For C1, qave

increases continuously with pressure and there is no hysteresis
because the critical temperature is much lower than 303.15 K.
With increase of pore size, qave decreases because the share of the
adsorbed region with much higher density decreases in relation to
the free region with lower density. For n-C4, the hysteresis
appears and moves to higher pressure with increase in pore size.
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Fig. 5—Adsorption isotherms in a carbon-slit pore for C3 and
H 5 3 nm at 273.15, 303.15, 333.15, and 363.15 K. Solid and
dashed lines represent adsorption and desorption, respec-
tively. The thin lines describe the bulk-density change with
pressure.
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lines represent adsorption and desorption, respectively. The
thin lines describe the bulk-density change with pressure.
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For H¼ 6 nm, the pressure at capillary condensation is close to
the saturation pressure.

By use of the adsorption and desorption isotherms presented
here, we construct the phase diagrams for the phase transitions in
a carbon-slit pore. Fig. 7 shows both the bulk and pore (H¼ 3 and
10 nm) phase diagrams in the P–T and T–q space for C3. The PR-
EOS with volume translation can faithfully reproduce the bulk-
equilibrium vapor and liquid densities and saturation pressures
even near the critical point (experimental data are not plotted).
The metastable-phase transitions in the pore always take place at
a pressure lower than the saturation pressure and at a temperature
lower than the critical temperature. As the pore size increases, the
fluid in the pore at capillary condensation becomes similar to that
in the equilibrium bulk liquid. For the 3-nm pore, at capillary con-
densation, because the pressure is much lower than the saturation
pressure, the free region has a density lower than the equilibrium
bulk liquid (Fig. 4). Although the adsorbed region has signifi-
cantly higher density than the equilibrium bulk liquid (Fig. 4), the
average density in the pore is still lower than the equilibrium liq-
uid density. For the 10-nm pore, at capillary condensation,
because the pressure is close to the saturation pressure, the free
region has a density close to the equilibrium bulk liquid. Because
the adsorbed region has significantly higher density than the equi-
librium bulk liquid, the average density in the pore is higher than
the equilibrium liquid density.

Note that in Fig. 7a, the critical temperature and pressure
change, as reported in the literature by others. However, these
critical proprieties cannot be used in an EOS for the bulk phase

with the expectation of correct P–T and T–q results in nanopores.
The saturation pressures may be computed properly, but not the
density results, which can be in error by a large factor.

The most important advantage of our DFT is that it is directly
applicable to mixtures. Fig. 8 presents the P–T phase diagram for
the C1/C3 mixture (equal mole fractions in the bulk) in the pore
(H¼ 3 and 10 nm) and in the bulk. There exists a retrograde
region in the bulk when the temperature is higher than the critical
temperature (solid circle). The same is shown in Fig. 7a, in which
the phase transitions in the pore always take place at a pressure
lower than the dewpoint pressure. Interestingly, above the cricon-
dentherm where the bulk is always in single-phase state, the phase
transitions still occur in the 10-nm pore but not in the 3-nm pore.
The reason is that above the cricondentherm, the bulk-fluid mole-
cules bear sufficient kinetic energy to overcome their potential
energy. So the bulk is always in single-phase state because C3

molecules cannot aggregate to form a liquid and lead to phase
separation. In the pore, a higher-density C3-rich adsorbed region
still forms near each pore surface because the attraction between
surface and C3 molecules is stronger than the attraction between
surface and C1 molecules and attraction between C3 molecules.
As pressure increases, the adsorbed region becomes thicker and
applies stronger attraction to the bulk-fluid molecules (especially
C3). In the 10-nm pore, there is always a free region near the pore
center with properties close to the bulk. When the pressure (or
adsorbed-region thickness) reaches an onset, capillary condensa-
tion occurs and bulk-fluid molecules (especially C3) condense in
the free region. In the 3-nm pore, before reaching its onset of con-
densation, the free region already disappears because of the con-
nection of the two adsorbed regions.

To better understand the structural behavior of confined fluids,
we present the compositional distributions of C3 for the C1/C3

mixture (equal mole fractions in the bulk) in the pore (H¼ 3 and
10 nm) at 323.15 K and various pressures in Fig. 9. For a small
pore (H¼ 3 nm), because the correlation between two walls are
strong, C1/C3 mixtures do not reach the bulk limit in the middle
of the pore; because of the strong surface attraction, the composi-
tion of C3 in the middle is higher than that of C1. The composition
of C3 in adsorption layer increases with pressure. However, it
increases then decreases with pressure in the middle of the pores.
When system temperature is higher than critical temperature but
lower than cricondentherm temperature, both sides of the phase
diagram is in gas phase. The composition of C3 in the middle of
the pore increases with pressure as it approaches lower dewpoint
and decreases with pressure when it is higher than the upper dew
pressure. Similar behavior can be seen for large pores (H¼ 10
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Fig. 7—Metastable phase transitions for C3 in a carbon-slit pore
with H 5 3 and 10 nm in (a) P–T and (b) T–q diagrams. Solid and
dashed lines represent adsorption and desorption, respec-
tively. Bulk-equilibrium vapor and liquid densities and satura-
tion pressures are also shown.
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Fig. 8—Metastable phase transitions for the C1/C3 mixture
(equal mole fractions in the bulk) in a carbon-slit pore with
H 5 3 and 10 nm in P–T diagram. Solid and dashed lines repre-
sent adsorption and desorption, respectively. Bulk-phase tran-
sition is also shown.
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nm). Because the pore size is large enough, at low pressure (P¼ 5
bar) and high pressure (P¼ 150 bar) the composition of C3

reaches the bulk limit in the middle of the pores. In addition, hys-
teresis of C1/C3 mixture is observed at 45 bar.

Fig. 10 presents our results for the adsorption of C1/C2/C3/n-
C4/n-C5 mixture (equal mole fractions in bulk) at 303.15 K for
H¼ 3 nm when the pressure is lower than the bulk dewpoint pres-
sure of 0.3103 MPa (the bulk is in single-vapor state). Figs. 10a
and 10b present the adsorption isotherms and selectivity curves to
C1 for all the components. The selectivity of component k to C1 is
defined as Sk ¼ ðxp

k=xp
C1
Þ=ðxb

k=xb
C1
Þ, where xp

k and xb
k represent the

average mole fraction in the pore and mole fraction in the bulk for
component k, respectively. All the plots in Fig. 10 show hystere-
sis. The adsorption, selectivity, and hysteresis become more pro-
nounced as the molar weight of a hydrocarbon component
increases. Fig. 10c highlights the metastability of phase transitions
in the pore by calculating X in both adsorption and desorption
processes. In the hysteresis, a given pressure corresponds to two
different minima of X or two different sets of equilibrium-density
distributions. Each metastable-phase transition is manifested by a
distinctive drop of X. If fluids are in the bulk with a small disturb-
ance, the system will move to the global minimum, but not in po-
rous media. In porous media and nanopores, we could have a
negative pressure (metastable) without concern for change in time
(Firoozabadi 1999). Fig. 11 presents the density difference and
composition difference of each component in the pore (H¼ 3 nm)
and in the bulk for the C1/C2/C3/n-C4/n-C5 mixture (equal mole
fractions in bulk) at 303.15 K and 30 MPa, which is higher than

the bubblepoint pressure of 5.1794 MPa (the bulk is in single-liq-
uid state). The fluid properties in the nanopore still could be very
different from those in the bulk, although the packing effect
becomes dominant at this high pressure. The component that has
stronger attraction with the pore surfaces and/or smaller molecular
size is more likely to enter the nanopore. That leads to the convex
shape of both curves in Fig. 11 because n-C5 has the strongest
attraction with the pore surfaces and C1 has the smallest molecu-
lar size.
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Fig. 9—Compositional distributions of C3 for the C1/C3 mixture
(equal mole fractions in the bulk) in a carbon-slit pore with (a) H 5
3 nm and (b) H 5 10 nm at 323.15 K and various pressures.
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Fig. 10—(a) Adsorption isotherms, (b) selectivity curves to C1,
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the bulk-density change with pressure in Fig. 10a.
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Pore-Structure Characterization and Adsorption Prediction

in Activated Carbons. By use of a polydisperse carbon-slit pore
model, we can characterize the pore structure and predict adsorp-
tion in activated carbons by the approximate solution of the
adsorption integral:

CkðT;PÞ ¼
ð

qave;kðT;P;HinÞPSDðHinÞdHin: ð5Þ

In Eq. 5, Ck is the experimental adsorption of component k in
activated carbon. Three activated-carbon samples, AC-A (Qiao
et al. 2000), AC-B (Dreibach et al. 1999), and AC-C (Sudiban-
driyo et al. 2003), are selected to examine our DFT model for
both pore-structure characterization and adsorption prediction.
We follow the same procedure for all the three samples. We first
characterize the pore structure of activated carbon (i.e., solve for
the PSD by minimizing the difference between measured and
computed C of pure substances, and calculate the PV fromÐ

PSDðHinÞdHin and surface area (SA) from 2
Ð
ðPSDðHinÞ=

HinÞdHin). We then use the computed PSD to predict the adsorp-
tion of mixtures in the same activated carbon. We assume that the
PSD follows the log-normal distribution PSDðHinÞ ¼Xn

i¼1

aiffiffiffiffiffiffi
2p
p

bi

exp � ½lnðHinÞ � ci�2

2bi
2

( )
, with 3n unknown parameters

ai, bi, and ci to be determined from the adsorption data of pure
substances (Sweatman and Quirke 2001). The log-normal distri-
bution is adopted for simplicity. The number of unknown parame-
ters is determined by the best fit with experimental data. For the
activated carbons, n ¼ 1 (single-modal PSD) is already sufficient
to reproduce the experiments. The calculated PSD is very narrow,
approximately 1 nm for all three activated carbons.

Sample AC-A provides adsorption of C1, C2, C3, and their bi-
nary mixtures at three temperatures: 303, 333, and 363 K to a
pressure of 110 kPa (Qiao et al. 2000). We use all nine adsorption
isotherms of the three pure substances at the three temperatures to
obtain the PSD. The comparison between experiments and our
calculations is shown in Fig. 12a. The agreement is good. As
expected, the adsorption increases with the molar weight of
hydrocarbon species and decreases with the temperature. Note
that C3 also shows the Langmuir-type adsorption isotherms
because the pressures are much lower than the saturation pressure.
The computed PSD is presented in Fig. 12b. From the PSD we
estimate PV¼ 0.375 cm3/g and SA¼ 876 m2/g. The computed
PSD, PV, and SA are close to the values reported by Qiao et al.
(2000). The experiments on adsorption of three binary mixtures of
C1/C2, C1/C3, and C2/C3 are available at a pressure of 50.6 kPa.

The composition in the bulk is varied over the whole range. We
predict the adsorption of these mixtures on the basis of known
bulk composition at constant temperature and pressure. The meas-
urements and our predictions are compared in Fig. 13. There is
agreement over the whole bulk-composition range.

Sample AC-B covers the adsorption data of C1, N2, CO2, and
their binary and ternary mixtures at 298 K to 6 MPa (Dreibach et al.
1999). We determine the PSD by use of all three adsorption iso-
therms of the pure substances. Fig. 14a shows good agreement
between measurements and our calculations. Fig. 14b presents the
computed PSD. We estimate PV¼ 0.499 cm3/g and SA¼ 858 m2/g.
By use of the computed PSD, the adsorption isotherms of mixtures
are predicted. Fig. 15 is for the binary mixtures of CO2/N2, C1/N2,
and C1/CO2, and Fig. 16 is for the ternary mixture C1/CO2/N2. For
each mixture, the bulk composition is fixed. In each figure, the
adsorption isotherms are presented for both individual components
and the total. Our predictions successfully capture the experiments.

The last example of activated carbon is on adsorption of C1, N2,
CO2, and their binary mixtures in Sample AC-C at 318.2 K to 14
MPa (Sudibandriyo et al. 2003). We compute the PSD on the basis
of all three adsorption isotherms of pure substances. As shown in
Fig. 17a, the agreement is good, except the adsorption of N2 is
somewhat overestimated at high pressures. From the PSD shown in
Fig. 17b, we estimate PV¼ 0.39 cm3/g and SA¼ 613 m2/g. Sample
AC-C has lower PV and SA than Sample AC-B. With the com-
puted PSD, we predict the adsorption isotherms of the binary mix-
tures of CO2/N2, N2/C1, and CO2/C1 at the fixed bulk composition.
Fig. 18 presents the comparison between measurements and our
predictions for the adsorption isotherms. In mixtures CO2/N2 and
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cies molar weight of each component in the pore and in the
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gle-liquid state).
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N2/C1, the adsorption isotherms of components are captured when
the pressure is not too high. The agreement deteriorates when the
pressure exceeds 7 MPa, especially for N2. However, the adsorp-
tion isotherms of the total are faithfully reproduced in the whole
pressure range. For the mixture CO2/C1, the agreement is excellent
for all three adsorption isotherms.

Pore-Structure Characterization and Adsorption Prediction

in Dry Coal. Similar to the gas adsorption in activated carbons,
we model adsorption in Sulcis dry coal by assuming its pore struc-
ture to be described by the polydisperse carbon-slit pore (Ottiger

et al. 2008a,2008b) In this case, the excess adsorption isotherms
of pure substances and their mixtures are available. The excess
adsorption of component k per unit of inner PV is defined as

qave;k;ex ¼
ÐH
0

½qkðzÞ � qk;b�dz=Hin, where qk;b is the bulk density of

component k. The adsorption integral (Eq. 5) is used to character-
ize the pore structure and predict the adsorption in the dry coal,
except the Ck and qave;k are replaced by the Ck;ex and qave;k;ex,

respectively. As the pressure increases, the excess adsorption may
increase at relatively low pressures because of strong surface
attraction and enough empty pore space, but decrease at high pres-
sures because the pore is nearly saturated. This is in contrast to
the absolute adsorption that always increases with pressure but
with decreasing slope (Fig. 6a).

We first use the adsorption isotherms of C1 and CO2 in the dry
coal at 318.15 K to 18 MPa to obtain the PSD, and then predict
the adsorption isotherms of their binary mixtures with varying
bulk compositions. Both experiments and our calculations are pre-
sented in Fig. 19a. To facilitate the comparison, only the adsorp-
tion isotherms of CO2 are shown for the mixture adsorptions. The
overall agreement is good. All the adsorption isotherms demon-
strate the nonmonotonic behavior with pressure. The nonmonoto-
nicity becomes stronger with the increase of CO2 concentration in
the bulk. That is because the attraction between pore and CO2 is
much stronger than that between pore and C1. As a result, the
pore becomes readily saturated by CO2 with the bulk at higher
CO2 concentration. Our DFT faithfully captures this trend. The
correlated PSD is presented in Fig. 19b. For this coal, n ¼ 2 (bi-
modal PSD) can provide satisfactory fits to the experiments. The
PSD is much wider than that for the activated carbons, but the
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majority of the pores are at approximately 1 nm. On the basis of
the PSD, we estimate PV¼ 0.19 cm3/g and SA¼ 235 m2/g for this
dry coal. The reported PV¼ 0.2 cm3/g is in good agreement with
our prediction. In addition, the pores in the PSD obtained by
Ottiger et al. (2008b) are mainly in the region of <2 nm, in line
with our calculations.

Conclusions

The long-term objective of our work relates to the modeling of
adsorption/desorption and phase behavior of hydrocarbons, CO2,
N2, water, and their mixtures in shale. Our examination of shale
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Fig. 15—Adsorption isotherms for individual components and
the total for mixtures (a) CO2/N2 (mol/mol 5 0.2/0.8 in the bulk),
(b) C1/N2 (mol/mol 5 0.72/0.28 in the bulk), and (c) C1/CO2 (mol/
mol 5 0.95/0.05 in the bulk) in Sample AC-B at 298 K. The sym-
bols are experiments from Dreibach et al. (1999), and lines are
our predictions.
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predictions.
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Fig. 17—(a) Adsorption isotherms for N2, C1, and CO2 in Sample
AC-C at 318.2 K. The symbols are experiments from Sudiban-
driyo et al. (2003), and lines are our calculations. (b) PSD of
Sample AC-C.

J169819 DOI: 10.2118/169819-PA Date: 11-December-14 Stage: Page: 1105 Total Pages: 14

ID: jaganm Time: 19:38 I Path: S:/3B2/J###/Vol00000/140030/APPFile/SA-J###140030

December 2014 SPE Journal 1105



data reveals that the shale chemistry plays a significant role in
phase behavior and adsorption. Different surface chemistries in
shale have different interaction energies with fluid molecules.
This work is the first step in that direction.

In this paper, we present a systematic investigation of adsorp-
tion and phase behavior of pure hydrocarbons, CO2, N2, and their
mixtures in carbon nanopores and in activated carbon and dry
coal composed of carbon nanopores. The DFT combined with the

PR-EOS is applied in the modeling and computation. Our DFT
possesses significant advantages over traditional methods, espe-
cially in the explicit representation of fluid/fluid and fluid/surface
interactions. The former is described by the “heterogeneous” PR-
EOS, and the latter is represented by the Steele 10-4-3 potential.
The main conclusions drawn from this work are:
• For pure hydrocarbons in nanopores, capillary condensation

and hysteresis are more likely in heavier species, at lower tem-
peratures, and in smaller pores. Phase change takes place below
the saturation pressure and critical temperature. The average
density at capillary condensation could be either higher (in
larger pores) or lower (in smaller pores) than that of equilibrium
bulk liquid. Some of these finding are consistent with results
from Monte Carlo simulations (Jiang and Sandler 2005; Singh
et al. 2009).

• The phase behavior of mixtures becomes more complicated in
nanopores. Above the cricondentherm, capillary condensation
and hysteresis may still occur in nanopores although the bulk
stays in single-phase state. This behavior has not been reported
in the past.

• In activated carbons and dry coal, we reproduce the adsorption
isotherms of various pure substances with a unique PSD. In the
past work using DFT and GCMC, different PSDs of the same
medium have to be adopted to capture the adsorption of different
species. By use of the unique PSD, we predict the adsorption of
mixtures at various conditions in the same porous material.
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• Our theory provides a unified framework for both monolayer and
multilayer adsorptions, for both pure substances and mixtures, in
both single nanopores and porous media, and for both pore-struc-
ture characterization and adsorption estimation. For larger
hydrocarbon molecules, orientation effects should be accounted
for also, and this aspect is currently under consideration.

Nomenclature

Ff½qkðrÞ�g ¼ Helmholtz energy functional
Fexf½qkðrÞ�g ¼ excess Helmholtz energy functional
Fidf½qkðrÞ�g ¼ ideal Helmholtz energy functional

H ¼ apparent size of slit pore
Hin ¼ effective pore size
kB ¼ Boltzmann constant

Mw ¼ molar weight
Pc ¼ critical pressure

PSD ¼ pore-size distribution
Qex ¼ excess adsorption per unit surface area

Sk ¼ selectivity of component k
T ¼ absolute temperature

Tc ¼ critical temperature
Usk(z) ¼ surface attraction on component k at position z

xp
k ¼ average mole fraction of component k in the pore

xb
k ¼ average mole fraction of component k in the bulk

Ck ¼ absolute adsorption of component k in porous media
Ck;ex ¼ excess adsorption of component k in porous

media
D ¼ interlayer spacing of graphite
ek ¼ attraction-energy parameter of component k
es ¼ attraction-energy parameter of surface molecules
esk ¼ energy parameter of fluid-wall interaction
lk ¼ chemical potential of component k

qave;k ¼ absolute adsorption of component k per unit of
inner pore volume

qave;k;ex ¼ excess adsorption of component k per unit of
inner pore volume

qk;b ¼ bulk density of component k
qk(r) ¼ density distribution of component k at position r

qs ¼ density of graphite
rk ¼ “molecular diameter” of component k
rsk ¼ size parameter of fluid-wall interaction

Wk(r) ¼ external potential of component k at position r
x ¼ acentric factor

Xf½qkðrÞ�g ¼ grand potential functional
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Appendix A—Classical DFT
DFT constructs an analytical connection between thermodynamic
functions and average or equilibrium distribution of particles
qðrÞ. Considering a system containing N identical particles, qðrÞ
is defined as the ensemble average of instantaneous density profile
q̂ðrÞ,

qðrÞ ¼ hq̂ðrÞi ¼
XN

i¼1

dðri � rÞ
* +

; ðA-1Þ

where ri is the position of particle i, d is the Dirac delta function,
and hi denotes the ensemble average. The total energy of the sys-
tem E (Hamiltonian) includes three contributions: kinetic energy,
intermolecular interaction U, and external potential W,

E ¼
XN

i¼1

p2
i

2m
þ UðrNÞ þ

XN

i¼1

WðriÞ; ðA-2Þ

where pi is the momentum of particle i, m is the mass of each par-
ticle, and rN ¼ ðr1; r2;…; rNÞ is the configuration. For an open
system, the grand partition function N is given by

N ¼
X

N

1

N!h3N

ð
drNdpNexp½�bðE� NlÞ�

¼
X

N

1

N!K3N

ð
drNexp �b UðrNÞ þ

XN

i¼1

WðriÞ � Nl

" #( )
;

� � � � � � � � � � � � � � � � � � � ðA-3Þ

where h is the Planck constant, l is the chemical potential, K ¼
h=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pmkBT
p

is the thermal wavelength, drN ¼ dr1dr2…drN , and

dpN ¼ dp1dp2…dpN . qðrÞ is related to E and N through

qðrÞ ¼ 1

N

X
N

1

N!K3N

ð
dr1dr2…drN

XN

i¼1

dðri � rÞ

� exp �b Uðr1; r2;…; rNÞ þ
XN

i¼1

WðriÞ � Nl

" #( )

¼ � dlnN
bd½WðrÞ � l� : � � � � � � � � � � � � � � � � � ðA-4Þ

The grand potential X is defined by

X½qðrÞ� ¼ F½qðrÞ� þ
ð

drqðrÞ½WðrÞ � l�; ðA-5Þ

where F is the intrinsic Helmholtz energy. The relation between
X and N is given by bX ¼ �lnN, which yields qðrÞ ¼

dX
d½WðrÞ � l�. At equilibrium, the second law of thermodynamics

requires X to reach the minimum and qðrÞ must satisfy the
condition

dX
dqðrÞ ¼ 0; or

dF

dqðrÞ þWðrÞ ¼ l: ðA-6Þ

If an expression for F½qðrÞ� is provided, Eq. A-6 can be used to
solve for qðrÞ and subsequently both structural and thermodynamic
properties of the system. F½qðrÞ� is typically divided into an ideal
term and an excess term. The former is known exactly; it corre-
sponds to the contribution from ideal gas without any intermole-
cular interactions. The latter has to be formulated by adopting
efficient approximations; it accounts for different intermolecular
interactions, including short-range repulsion, van der Waals attrac-
tion, chemical association, and electrostatic force. The design of
the excess Helmholtz energy functional depends on specific
requirements, and the numerical performance has to be calibrated
by direct comparison with experimental data or molecular simula-
tion results. The detailed formulation of DFT is described by Wu
(2006), Wu and Li (2007), Evans (1996), and Wu (2009).
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