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ABSTRACT: Numerical modeling of asphaltene precipitation in petroleum reservoirs is important in relation to possible
precipitation around the wellbore in the producing well. Production from some reservoirs results in asphaltene precipitation in
the wellbore region, leading to productivity loss and need for cleanup. Fluid injection even when there is asphaltene precipitation
may not lead to injectivity loss. There are desirable processes in which precipitation of asphaltenes can lead to “in situ” upgrading
of heavy oil recovery. Reservoir compositional models that are currently in use rely on cubic equations of state for asphaltene
precipitation. The cubic equations, despite their relative reliability in describing reservoir fluids’ phase behavior, become
unreliable in asphaltene-rich phase description. A number of noncubic equations of state have been introduced to overcome the
shortcomings of cubic equations. The cubic-plus-association equation of state (CPA-EOS) is perhaps the method of choice
in representing asphaltenes in compositional modeling. When the hydrocarbon fluids do not contain asphaltenes, CPA-EOS
reduces to the standard cubic equation. In this work, we implement CPA-EOS in compositional modeling and introduce a simple
technique to speed up considerably the root finding of the CPA-EOS. Our efficient algorithm reduces significantly the additional
computational cost from the incorporation of the CPA-EOS. We also derive the basic equations for the total compressibility and
total partial molar volume in our implementation of the CPA-EOS compositional modeling. We present three numerical
examples for CO2 injection in 2D and 3D domains saturated with Weyburn oil and show results of asphaltene-rich phase
saturation among other predictions. This work introduces a general framework for widespread use of CPA-EOS in compositional
modeling in three-phase flows of gas, light liquid, and asphaltene-rich phases.

■ INTRODUCTION

Asphaltenes are the most polar fraction of crude oil. Their exact
chemical structure remains unknown. It is generally accepted that
asphaltenes consist of polar polyaromatic material which may
contain various metals, oxygen, sulfur, and nitrogen. Asphaltenes
are operationally defined as the fraction of crude oil insoluble in
normal alkanes such as n-pentane but soluble in aromatics such as
benzene and toluene at room temperature.1

Changes in reservoir pressure (e.g., during primary depletion
of highly undersaturated reservoirs) and oil composition (e.g.,
due to CO2 injection) can lead to precipitation of an asphaltene
phase. Asphaltene precipitation can affect flow in the wellbore in
the production well and in the reservoir near the well due to
permeability reduction and alteration of rock wettability from
water-wet to oil-wet.2−4

Despite numerous publications and advances, we are not
aware of a three-phase compositional simulator that can treat the
asphaltene phase as an asphaltene-rich liquid phase. On the phase
behavior side, examples of models for asphaltene precipitation
are solubility theory,5−13 cubic equations of state (EOS),14−18

colloidal theory,19 micellization theory,20−22 McMillan−Mayer−
SAFT,23−25 and perturbed-chain-SAFT.26−28

Compositional reservoir simulators are primarily based on
cubic EOS to determine the phase separation of hydrocarbon
fluids. The EOSmethod has advantages over solubility theory for
modeling asphaltene precipitation. Current compositional simu-
lators mainly use the cubic EOS (e.g., Nghiem et al.16). This is

motivated by its compatibility with the cubic EOS framework
that is widely used for nonasphaltene-related modeling.
However, this class of models cannot describe realistic polar−
polar interactions relevant to asphaltenes and other polar
components, which may obscure the nature of asphaltene
precipitation and stabilization.29 Some of the models take into
account the interactions using multiple complex equations or
adjustable parameters.30 These models have high computational
cost, which may make their implementation in current com-
positional simulators unattractive.
Li and Firoozabadi31 proposed a cubic-plus-association

equation of state (CPA-EOS) to study asphaltene precipitation
in model solutions (asphaltene + toluene) and heavy oils from
the addition of n-alkanes. The physical interactions are described
by the Peng−Robinson equation of state.32 The polar−polar
interactions between asphaltene molecules and between
asphaltene and aromatics/resins (or toluene) molecules are
described by the thermodynamic perturbation theory. With
this model, they reproduced the experiments for the amount
of asphaltene precipitation by different n-alkanes from model
solutions and seven heavy oils and bitumens over a wide range of
temperatures, pressures, and compositions through adjusting
only a single parameter. This parameter is the cross-association
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energy between asphaltene and aromatics/resins (or toluene)
molecules, which depends on the types of asphaltene and n-
alkane, and temperature but is independent of pressure and
concentration. In a recent investigation Jindrova ́ et al.33 have
shown that while the PR-EOS performs well for solubility of CO2
and light alkanes in bitumens, when a second liquid phase
with high asphaltene content forms, then the PR-EOS becomes
unreliable and the CPA-EOS describes the phase behavior in
vapor−liquid−liquid equilibria. Zhang et al.34 compared the
performance of the CPA-EOS31 with the PC-SAFT for asphaltene
modeling in six live oils. Their results show that CPA-EOS is
more accurate compared to PC-SAFT for modeling asphaltene
precipitation over a wide pressure and temperature range.
On reservoir simulation, Mohebbinia et al.30 implemented

PC-SAFT equation of state in a compositional simulation model
for predicting asphaltene precipitation during gas injection. As a
whole it is desirable to keep the cubic equations of state in
compostional modeling due to its simplicity and superiority over
the noncubic equations of state and add additional terms when
necessary to describe the physics that is not included in the cubic
equations of state. This is the basis of our desire to include the
CPA-EOS in our work.
In this work, we present the mathematical formulation and

an efficient numerical implementation of a three-phase multi-
component compositional model based on the CPA-EOS. The
work is organized as follows: we first present the mathematical
model governing three-phase compositional flow in porous
media and subsequently discuss our numerical scheme based
on the mixed finite element and higher-order discontinuous
Galerkin methods. We present three examples on the use of our
model for simulation of asphaltene precipitation due to CO2
injection in an oil reservoir. We end the work with concluding
remarks.

■ MATHEMATICAL MODEL
Assumptions. In this work, we neglect the capillary pressure due to

low interfacial tension at the conditions of our study. We also ignore
Fickian diffusion and mechanical dispersion. Diffusion effect may be
negligible in gas injection in unfractured porous media,35 and diffusion
can be very slow in an asphaltene-rich phase. In addition, to the best of
our knowledge, diffusion coefficients have not been measured for CO2−
asphaltene mixtures. Mechanical dispersion is generally dominant at
high flow rates so we believe, at the conditions of our study, it can be
neglected. A recent study36 shows that for two- and three-phase flow at
typical reservoir injection rates, even in the context of viscous and gravi-
tational flow instabilities, the effects of Fickian diffusion and mechanical
dispersion are low (because Peclet numbers are generally high).
We assume three phases in our model: (1) asphaltene-rich liquid

phase, (2) hydrocarbon-rich liquid phase, and (3) gas phase. We also
assume that the reservoir fluid consists of a number of pure hydrocarbon
and nonhydrocarbon components (e.g., CO2, N2, C1, C2, C3, iC4, nC4,
iC5, and nC5), pseudohydrocarbon components (defined by lumping a
number of hydrocarbon components within a certain range in normal
boiling points), and a hydrocarbon residue (Cn+). In this work, the
hydrocarbon residue is split into two components: (1) the “heavy”
component that contains the heavy alkanes, the heavy aromatics, and the
resins and (2) asphaltene.29

The governing equations for isothermal compositional three-phase
flow include species-balance equations, Darcy’s law, and thermodynamic
equilibrium between the phases.
Species-Balance Equations. The species balance for component i

is given by
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Darcy’s Law. The velocity for each phase (uα, α = a, o, g) is given by
Darcy’s law:
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The viscosities of the asphaltene-rich liquid phase, hydrocarbon-rich
liquid phase, and gas phase are a function of temperature, pressure, and
phase composition.We use the corresponding-state model37 to calculate
viscosity. Relative permeabilities are functions of phase saturations
and are computed using Stone’s38 formulation (see further details in
Numerical Results).

Pressure Equation. Based on the concept of volume balance,39,40

we use the following pressure equation:
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Thermodynamic Equilibrium. Thermodynamic equilibrium re-
quires the fugacities in the three phases to be equal. We also use phase
stability analysis to guarantee the global minimum of Gibbs free energy.
In this work, we model asphaltene precipitation as a traditional liquid−
liquid or gas−liquid−liquid phase separation. We define equilibrium
ratios as Ki,g = xi,g/xi,o and Ki,a = xi,a/xi,o. From the equality of fugacities,
we have

φ φ α= − = =α αK i n g aln ln ln , 1, ..., ; ,i i o i c, , , (5)

We also have the following constraint for the molar fractions of each
phase (βα):
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The mass density and molar density of all three phases are obtained
from
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In this work,Zα for all the three phases is obtained from the CPA-EOS
to take into account the polar−polar interaction (self-association and
cross-association) between asphaltene and “heavy” components. Also
the calculation of the phase fugacities (in eq 5), the total fluid
compressibility, and the total partial molar volume (in eq 4) are based on
CPA-EOS. Calculation of the compressibility factor in the CPA-EOS is
an important aspect of this work. Our experience shows that efficient
and robust calculation of this parameter has direct effect on overall
performance of the model. We discuss the calculation steps of this
parameter later.

Boundary/Initial Conditions. Appropriate boundary and initial
conditions are required to complete the multicomponent three-phase
flow formulation. We apply impermeable boundaries at all sides of the
domain. We consider a constant oil pressure in the production well
(Dirichlet boundary condition) and constant rate in the injection well
(Neumann boundary condition).
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■ NUMERICAL MODEL

We solve the species-balance and flow equations using an
implicit-pressure−explicit-composition (IMPEC) scheme. We
first calculate the pressure and overall composition and then
perform phase equilibrium calculations to obtain phase satu-
rations and the species distribution in each phase. We use the mixed
finite element (MFE)method to solve the pressure equation (eq 4)
and the discontinuous Galerkin (DG) method to solve the species-
balance equation (eq 1). Hoteit and Firoozabadi41−43 provide
detailed description of the combined MFE-DG numerical model.
This numerical model has been successfully applied and tested for
three-phase compositional flow.44−47 These studies demonstrate
powerful features of this combination such as reduction in numerical
dispersion and grid orientation effects. In this work, we use the
efficient and robust three-phase stability analysis and phase-split
routines presented by Li and Firoozabadi.48

The main new features of our compositional model are
discussed in the following:
Asphaltene-Rich Liquid Phase. While the current

compositional simulation models for asphaltene precipitation
assume that the precipitated phase is composed of pure
asphaltene, in this work, we assume the precipitated phase to
consist of various species including the asphaltenes and
determine the composition based on three-phase equilibrium
computations. Figure 1 provides the composition of an

asphaltene-rich phase revealing the presence of various
species. The density, viscosity, and other properties of this
phase for use in the compositional simulation are part
of the computations. The fact that the asphaltene phase is not
pure is supported by theoretical analysis and experimental
data.49−51

Compressibility Factor. Traditionally in compositional
simulation the compressibility factor of each phase (Zα) is
calculated using a cubic equation of state. For example, to
obtain Zα from PR-EOS, one needs to solve the following
equation:
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where Aα and Bα are functions of pressure, temperature,
respective phase compositions, binary interaction parameters,
the critical properties, and acentric factors of pure species.1

In this work, to take into account the polar−polar interac-
tion between asphaltene and resin molecules and between
asphaltene molecules themselves, we use CPA-EOS to
obtain phase and volumetric properties. In CPA-EOS, eq 10
changes to
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where ηα = Bα/4Zα. The subscripts “a” and “r” represent the
asphaltenes and resins/aromatics, respectively. χa,α and χr,α are
the mole fractions of asphaltenes and resins/aromatics in phase
α not bonded at one of the association sites, respectively. In this
work, we assume association bonding always occurs with an
asphaltene molecule on one side and the other side can be
either an asphaltene or aromatics/resins molecule.29 Without
the asphaltenes CPA-EOS (eq 11) reduces to the original
PR-EOS (eq 10). χa,α and χr,α in eq 11 are given by29
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where Δij = [1 − 0.5ηα/(1 − ηα)
3]kijbij[exp(εij/kbT) − 1] (i = a,

j = a or r) represents the “association strength”. bij = bi + bj/2,,
where bk = 0.0778 RTck/pck.

1 kb is the Boltzmann constant. Na is
the number of identical association sites that each asphaltene
molecule has. Nr represents the same parameter for resins/
aromatics molecule.
A robust algorithm to find the compressibility factor in the

CPA-EOS is through the bisection method which guarantees
finding the solution. It is, however, computationally expensive,
especially for application in compositional simulation where
the compressibility factor needs to be calculated billions of
times. Moortgat et al.45 present an efficient modification of this
algorithm based on the Newton method and using the Z-factor
from the previous time step as the initial guess. However, they
consider the CPA-EOS only for the aqueous phase, which may
have only a small fraction of CO2. This is why, in their work, the
initial guess from a previous time step or water density is good
enough.
In this work, we used an efficient algorithm based on the

classical Newton method where the initial guess is obtained from
PR-EOS (eq 10).52 In our algorithm, we first find the “correct”
root of the PR-EOS based on the minimization of the Gibbs free
energy.53 Then, this root will be used as an initial guess for the
Newton method. In the CPA-EOS, the compressibility factor
comprises physical and association contributions:53

= +Z Z Zphysical association (14)

The “correct” root of the cubic EOS (based on the Gibbs free
energy minimization) calculates the physical contribution.
Therefore, it is relatively close to the final solution that takes
into account both the physical and association contributions. In
the gas phase, the association part is zero since no asphaltene is
present. In the hydrocarbon-rich phase (with very low
composition of the asphaltene and resins), the association part
is small compared to the physical part and the Newton method
converges in a few iterations. In the asphaltene-rich phase, the
association part of the compressibility factor can be signifi-
cant (due to relatively high asphaltene concentration). In our
presented examples, even for the asphaltene-rich phase the

Figure 1. Composition of asphaltene-rich liquid phase50
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“correct” root of the PR-EOS provides a good initial guess in the
vast majority of the conditions. In the rare occasions in which the
Newtonmethod diverges, we switch to the bisectionmethod that
always converges but at a relatively high computational cost. In
the examples presented in this work, when the bisection method
is used for the asphaltene-rich phase, we find only one root for
the compressibility factor in the physical range (Z ≥ B). Our
solution for the case in which the bisection method finds more
than one root for the CPA-EOS is to calculate the Gibbs free
energy for each root and select the one that has a minimumGibbs
free energy. Using the combined Newton−bisection method, we

improve the efficiency for the calculation of the compressibility
factor by 2 orders of magnitude.
The above modifications in the CPA-EOS are performed at a

comparable efficiency with similar calculations using a cubic
EOS. The CPU time for one time step using the CPA-EOS
(in the examples presented below) is about 3.7 times that of the
CPU time for one time step in the PR-EOS when asphaltenes
precipitate throughout most of the domain.

Three-Phase Total Compressibility and Partial Molar
Volume. Two important parameters in the pressure equation
(eq 4) are three-phase total compressibility (cf) and partial molar
volume ( ̅vi). In this work, we present the calculation of these
terms using the CPA-EOS. The details of the derivations are
presented in Appendices A−D for completeness.

Formation Damage due to Asphaltene Precipitation.
Despite several experimental54−57 and modeling58−60 studies on

Table 1. Fluid Composition, Critical Properties, and Other Relevant Data for the Weyburn Oil29,61,62

components composition (mole fraction) critical temp (K) critical pressure (bar) Mw (g/mol) acentric factor

CO2 0.0058 304.14 73.75 44.01 0.2390
N2/H2S/C1 0.0575 191.83 47.08 20.66 0.0245
C2−C3 0.0774 350.44 44.36 39.89 0.1368
C4−C5 0.0619 448.30 35.16 66.72 0.2236
heavy fraction 0.7924 746.22 15.91 220.1 1.0038
asphaltene 0.0050 1474.0 6.342 1800.0 2.0000

Table 2. Non-zero Binary Interaction Coefficients for the
Weyburn Oil29,63 (Mw, Molecular Weight, g/mol)

CO2−HC C1−HC

0.071 0.0289 + 1.633 × 10−4Mw

Figure 2. (a) Bubble-point pressure at 332 K and (b) fraction of precipitated asphaltenes at 332 K and 160 bar as a function of CO2 mole fraction for the
Weyburn oil. (Reprinted with permission from ref 29. Copyright 2010 American Chemical Society). Symbols are experimental values,64 and lines
represent calculations by the CPA-EOS.

Figure 3. Relative permeability curves for (a) asphaltene-rich liquid/hydrocarbon-rich liquid two-phase system and (b) gas/hydrocarbon-rich liquid
two-phase system.

Energy & Fuels Article

DOI: 10.1021/acs.energyfuels.5b02944
Energy Fuels 2016, 30, 3306−3319

3309



the formation damage caused by asphaltene precipitation, there
is significant uncertainty on its underlying mechanisms and
quantification. The developed models primarily depend on
phenomenological parameters that often have no clear relation to
underlying physics. These parameters are therefore difficult to
estimate theoretically and are obtained by fitting experimental

data. In this work, we use a simple model to take into account the
formation damage due to asphaltene precipitation. We alter the
relative permeabilities of the hydrocarbon-rich liquid phase and
the gas phase based on the saturation of the asphaltene-rich
liquid phase. More details of this model are discussed in the
following section.

Figure 4. Overall CO2 composition (zCO2
), asphaltene-rich liquid saturation (Sa), gas saturation (Sg), asphaltene composition in the asphaltene-rich

phase (xasp.,a), and oil viscosity (μo) at different PVI: 2D horizontal domain.
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■ NUMERICAL RESULTS

In this section, we present the following three examples using the
new compositional model based on the CPA-EOS for asphaltene
precipitation from CO2 injection in an oil reservoir:
Example 1: 2D Horizontal Domain. In the first example,

we consider a 2D horizontal 100 m × 100 m domain. The
reservoir temperature is 332 K, and the initial pressure is 160 bar.
CO2 is injected at a constant rate of 0.1 PV/year at the lower
left corner. The producer is located at the opposite corner.
The pressure at the producing well is set equal to 160 bar. The
porosity is 20%, and the permeability is 100 md. We use 32 × 32
grids of dimensions 3.125 m × 3.125 m.
We select the Weyburn oil as the reservoir fluid in this

example. Weyburn oil contains a very small amount of light
components. Experimental data by Srivastava et al.64 show
that CO2 injection in this oil leads to asphaltene precipitation.
Table 1 lists the fluid composition and the EOS parameters used
in the phase behavior calculations. The binary interaction
coefficients (BICs) between CO2 and hydrocarbons and
between C1 and other hydrocarbons are listed in Table 2.
Other BICs are set to zero. In Figure 2a, the bubble-point
pressure at 332 K is presented for different CO2/oil mixtures.
Figure 2b shows the fraction of precipitated asphaltenes at 332 K
and 160 bar as a function of overall concentration of CO2 in the
mixture. As expected, as the CO2 overall concentration increases,
asphaltene precipitation becomes more pronounced. However,
at very high CO2 concentration, the asphaltene phase volume can
decrease because of the appearance of a gas phase. This is
reflected by the slope decrease in Figure 2b. The CPA-EOS
calculations are in good agreement with the measurements.29

The relevant parameters for the CPA-EOS (eqs 12 and 13)
are Na = Nr = 4, kaa = kar = 0.01, εaa/kb = 2000 K, and εar/kb =
500 K.
In this example, we have three phases: (1) gas phase, (2)

hydrocarbon-rich liquid phase, and (3) asphaltene-rich liquid
phase. We use Stone’s38 correlations to model relative per-
meability of these phases. All two-phase relative permeability
curves have a power of 2.0 except for the asphaltene-rich liquid
phase with a power of 3.0 (Figure 3). The end-point relative
permeability for hydrocarbon-rich liquid with the asphaltene-rich
liquid is 0.69. The end-point relative permeability for hydro-
carbon-rich liquid with gas is 0.95. The asphaltene-rich liquid
has an end-point relative permeability of 0.4, and the end-point
relative permeability of gas is 0.63. We assume a critical gas
saturation of 2%. The residual saturation for the asphaltene-rich
liquid is 40%. The residual saturation of the hydrocarbon-rich
liquid to both gas and asphaltene-rich liquid is assumed to be
10%.
Figure 4 presents the profiles for overall CO2 composition,

asphaltene-rich liquid saturation, gas saturation, asphaltene com-
position (in asphaltene-rich liquid phase), and hydrocarbon-rich
liquid viscosity at 0.1, 0.3, and 0.7 pore volumes injected (PVI).
This figure shows the CO2 composition path in the injection
process. CO2 causes various phase behavior effects upon mixing
with the crude oil. While the original reservoir fluid mixed with a
high fraction of CO2 stays above the bubble-point pressure
(Figure 1a), a CO2 composition above a mole fraction of 0.45
(Figure 1b) leads to the formation of an asphaltene-rich liquid
phase. Continuous increase in CO2 composition due to further
mixing can lead to formation of a gas phase. In this example,
the gas phase forms at overall CO2 molar fractions above
approximately 0.73. The gas phase has a CO2 mole fraction of

more than 0.94. One expects to see high gas saturation (due to
evaporation of components up to C30 in the gas phase) near the
injection well and a three-phase gas/hydrocarbon-rich liquid/
asphaltene-rich liquid mixture at the mixing zone of CO2 and
crude oil. Next, we further clarify the evolution of the three-
phases as CO2 injection progresses. This figure also shows that,
during CO2 injection, the asphaltene-rich liquid and gas phases
form at the mixing zone of CO2 and crude oil. The asphaltene-
rich liquid phase develops across a relatively large fraction of the
reservoir. During CO2 injection, the asphaltene-rich liquid phase
first forms near the injection well as CO2 concentration increases
quickly to above the 0.45 mole fraction threshold. However, as
the CO2 concentration increases near the injection well, the
saturation of the asphaltene-rich liquid phase becomes relatively
constant due to the formation of the gas phase and disappearance
of the hydrocarbon-rich liquid phase. As CO2 injection continues
the saturation of gas phase increases. There is also evaporation of
lighter components in the asphaltene-rich liquid phase that leads
to higher concentration of asphaltene in this phase near the
injector (Figure 4).
In CO2 injection, an area with high saturation of asphaltene-

rich liquid phase develops near the producer (Figure 4) from the
continuous flow of the asphaltene-rich phase. The following
examples show this phenomenon more clearly. Figure 4 shows
that the asphaltene-rich liquid saturation stays below the residual
saturation (40%) and therefore is immobile. The appearance of
this phase is solely due to phase behavior effects. The molar
concentration of asphaltene in the asphaltene-rich liquid phase
(xasp.,a) is shown in Figure 4. The highest mole fraction of
asphaltene in this phase is 0.38. The initial oil viscosity is 3.0 cP.
Dissolution of CO2 in the crude and reduction in its asphaltene
content result in significant reduction in the oil viscosity.
The oil recovery versus PVI and bottomhole pressure at the

injector are shown in Figure 5. The oil recovery at breakthrough
(0.6 PVI) is 53%. The recovery increases to 60% at 2.0 PVI. The
bottomhole pressure at the injector drops after CO2 break-
through.

Example 2: 2D Vertical Domain. In this example, we
consider a 2D 100 m × 100 m vertical cross-section of the
reservoir. The fluid and reservoir properties are set the same as
the previous example. CO2 is injected at the top-right corner of
the domain and oil is produced at the bottom-left corner. We use
a uniform initial composition (Table 1) and hydrostatic pressure
variation (with pressure of 160 bar at the bottom of the
formation) for the initial conditions.
Unlike the previous example, gravity affects the CO2 flow path.

Figure 6 shows that most of the injected CO2 stays at the top of
the formation at early times. Similar to the previous example, the
asphaltene precipitation occurs throughout a significant portion

Figure 5. Oil recovery (dashed) and injector bottomhole pressure
(solid) vs PVI: 2D horizontal domain.

Energy & Fuels Article

DOI: 10.1021/acs.energyfuels.5b02944
Energy Fuels 2016, 30, 3306−3319

3311



of the reservoir due to CO2 dissolution. However, the saturation
of the asphaltene-rich liquid phase stays low except near the
production well (Figure 6). At 0.7 PVI, the asphaltene-rich liquid
saturation reaches values as high as 20% near the production
well. Similar to the previous example, the asphaltene-rich
liquid saturation stays low (less than 4%) near the injection

well. Figure 6 also presents the gas saturation, composition of
asphaltene in asphaltene-rich liquid phase, and oil viscosity at
different PVI. Similar trends as in the previous example are
observed for these parameters.
Figure 7 presents the oil recovery and bottomhole pressure at

the injection well versus PVI. The CO2 breakthrough occurs at

Figure 6. Overall CO2 composition (zCO2
), asphaltene-rich liquid saturation (Sa), gas saturation (Sg), asphaltene composition in the asphaltene-rich

phase (xasp.,a), and oil viscosity (μo) at different PVI: 2D vertical domain.
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0.46 PVI with approximately 40% oil recovery. The recovery
factor increases to roughly 60% after 2.0 PVI.
Example 3: 3D Domain. In this example, we consider a

100 m × 100 m × 40 m domain. We use similar initial and
boundary conditions as the 2D examples. The injector is located
at the top-left corner and the producer is on the bottom-right
corner. We use 32 × 32 × 20 grids of dimensions 3.125 m ×
3.125 m × 2.5 m in x, y, and z directions, respectively. Similar
to the 2D examples, the permeability is 100 md and the porosity
is 20%. The 3D example allows features of asphaltene deposition
in the production well due to asphaltene-rich phase buildup
to high saturations and subsequent oil rate reduction. In our
example, because of the fixed injection rate and constant pressure
at the production well, the injection pressure may increase
significantly.
Figure 8 displays the variation in overall CO2 composition and

asphaltene-rich liquid saturation at PVI = 0.3. This figure shows
that CO2 flows, due to gravity, mainly at the top of the reservoir.
Due to CO2 dissolution, an asphaltene-rich liquid saturation
forms. The asphaltene-rich phase saturation stays low near the
injector similar to our 2D results. The asphaltene-rich saturation
near the producer is much higher (about 40%) than in the 2D
examples. This high saturation of precipitated asphaltene phase
causes a significant increase in the injection pressure as shown in
Figure 9. The injection pressure increases more than 80 bar
(1160 psi) after 0.3 PVI. We stopped the simulation at 0.3 PVI
due to this high pressure.
Figure 9 shows an early breakthrough after approximately

0.2 PVI. The recovery factor at breakthrough is 0.18. There is a
slight increase in injection pressure at the beginning due to
formation of asphaltene-rich liquid phase near the injector. The
pressure does not increase further at that point due to small
saturation of the asphaltene-rich liquid phase (about 4%).
However, due to the high saturation of the asphaltene-rich phase

at the producer the bottomhole pressure increases significantly.
At this stage there is need to clean up the well.

■ CONCLUSIONS
The central theme of this work is the presentation of a new three-
phase multicomponent compositional model for asphaltene
precipitation using CPA-EOS. In this work, we discuss for the
first time a unified compositional framework to model all three
phases: gas, hydrocarbon-rich liquid, and asphaltene-rich liquid.
We allow all components to be present in the asphaltene-rich
(and other) phases, unlike simplified models in which the
asphaltene phase consists of only the asphaltene component.
Therefore, the phase behavior of all phases changes when
asphaltenes precipitate, in agreement with experimental
observations. An efficient algorithm for the calculation of the
compressibility factor in the CPA-EOS reduces the computa-
tional cost for phase behavior calculations significantly. The
outcome is an efficient CPA-EOS compositional model with
comparable performance to conventional compositional models
based on the cubic EOS.
We use our model to evaluate the extent of asphaltene

precipitation fromCO2 injection in an oil reservoir. The reservoir
is saturated with Weyburn oil, prone to asphaltene precipitation
when mixed with CO2. Our results show that the asphaltene-rich
liquid phase will form in a relatively large volume of the reservoir
due to CO2/oil mixing. The asphaltene-rich liquid saturation
close to the injection well reaches a maximum and stops to
increase as more CO2 is injected. The most significant accu-
mulation of the asphaltene-rich liquid phase is around the
production well. This accumulation, in our 3D example, led to
significant increase in injection pressure. When the injection
pressure is not allowed to increase there will be a decrease in
production rate due to asphaltene-rich phase accumulation in the
wellbore region of the producer.

Figure 7. Oil recovery (dashed) and injector bottomhole pressure
(solid) vs PVI: 2D vertical domain.

Figure 8. (a) overall CO2 composition and (b) asphaltene-rich liquid saturation at PVI = 0.3: 3D domain.

Figure 9. Oil recovery (dashed) and injector bottomhole pressure
(solid) vs PVI: 3D domain.
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■ APPENDIX A: THREE-PHASE TOTAL FLUID
COMPRESSIBILITY

The equations used to calculate three-phase total fluid
compressibility from the CPA-EOS are presented in this
Appendix:1
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Therefore, to calculate the total compressibility, one needs to
calculate (∂Z/∂p)T,n and (∂n/∂p)T,n. We first present the steps to
calculate (∂nα/∂p)T,n and then (∂Zα/∂p)T,n. We have
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where ni,α is the number of moles of component i in phase α. To
calculate (∂n/∂p)T,n, we have 3nc unknowns in eq A-4. We need
3nc equations to find these unknowns. Material balance yields
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where ni is the total number of moles of component i in the three-
phase system that is constant. Therefore, from eq A-5 we have
the following nc equations:
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The remaining 2nc equations come from the following
equilibrium conditions:
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where f i,α(α = g, o, a) is the fugacity of component i in phase α.
The calculation of this parameter using CPA-EOS is explained in
Appendix C. One can write eq A-7 as
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The calculation steps for (∂f i/∂nk)T,nk and (∂f i/∂p)n using the
CPA-EOS are reported in Appendix C.
To calculate (∂Zα/∂p)T,n (α = g, o, a), we use the following

equation:
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The calculation steps for (∂Zα/∂p)T,nα and (∂Zα/∂nα,k)T,nα,k using
the CPA-EOS is explained in Appendix D.

■ APPENDIX B: THREE-PHASE PARTIAL MOLAR
VOLUME

The calculation steps for three-phase partial molar volume are
presented in this section. Partial molar volume of component i
( ̅vi) is defined as
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To calculate partial molar volume from the above equation, one
needs to find 3nc unknown values of (∂nk,α/∂ni)T,p,nα,i (α = g, o, a).
Similar to calculation of total fluid compressibility, the following
material balance and equality of fugacities (due to equilibrium)
provide the required 3nc equations:
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■ APPENDIX C: EXPRESSIONS OF (∂f i/∂nk)T,nk
AND

(∂f i/∂p)n FROM CPA-EOS

To calculate three-phase total compressibility and three-phase
partial molar volume, we need to calculate f i, (∂f i/∂nk)T,nk and
(∂f i/∂p)n for each phase using the CPA-EOS. The expressions for
these parameters are presented in this Appendix. To calculate f i,
we have
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where φi = f i/(xip). To calculate the derivatives of φi with respect
to composition, we consider the following chain rule:
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The terms in the above equation are obtained from
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The terms ∂Z/∂xj, ∂χa/∂xj, and ∂χr/∂xj can be obtained from
Appendix D. To calculate (∂f i,α/∂p)nα, we use the following
equation:

∂
∂

= + ∂
∂

α α α α α

α
α α

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎡

⎣
⎢⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎤

⎦
⎥⎥⎥

f

p

f

RT
Z RT
p

n RT
p

Z
n

i i

k T pn n

, ,

, , , k, (C-16)

■ APPENDIX D: EXPRESSIONS OF (∂Z/∂nk)T,nk
AND

(∂Z/∂p)T,nj FROM CPA-EOS

In this Appendix, the expressions to calculate (∂Z/∂nk)T,nk and
(∂Z/∂p)T,nj using the CPA-EOS are presented. From the CPA-
EOS, we have
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To calculate the derivative of Z with respect to composition, we
have
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Using the chain rule, we have the following equations for ∂χa/∂xk,
∂χr/∂xk, and ∂η/∂xk:
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We define f1, f 2, and f 3 as
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If we substitute eqs D-4 and D-5 into eq D-3, using the above
definitions, we obtain
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We define f4 and f5 as
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Then, substituting eqs D-5 and ) into eq D-4, we have
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We define f6 and f 7 as
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If we substitute eqs D-5, D-9, and D-12 into eq D-2, using the
above definitions, we obtain
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The partial derivatives in the above equations are given by

∂
∂

=
−

+ +
+ −

F Z
Z

B
Z B

A Z B
Z BZ B

( )
( )

( )
( 2 )2

2 2

2 2 2 (D-17)

∂
∂

= −
+ −

F Z
A

Z
Z BZ B

( )
22 2 (D-18)

∂
∂

=
−

+ −
+ −

F Z
B

Z
Z B

AZ Z B
Z BZ B

( )
( )

2 ( )
( 2 )2 2 2 2

(D-19)

η η
η η

χ∂
∂

= + −
− +

− =F Z
x

k a r
( ) 4 4 2

2 3
( 1) or

k
k

2

2

(D-20)

∂
∂

= ≠F Z
x

k a r
( )

0 and
k (D-21)

χ
η η
η η

∂
∂

= + −
− +

=F Z
x k a r

( ) 4 4 2
2 3

or
k

k

2

2
(D-22)

η
η η

η η
χ χ∂

∂
= − +

− +
− + −F Z

x x
( ) 20 16 2

(2 3 )
[ ( 1) ( 1)]a a r r

2

2 2

(D-23)

∑∂
∂

= −
=

A
x

x A A2 ( )
k i

n

i ik in
1

c

c
(D-24)

∂
∂

= −B
x

B B
k

k nc (D-25)

χ χ χ
χ χ

∂
∂

=
Δ + Δ

+ Δ + Δ
α α α αF

Z

N x N x

Z N x N x

( )

( )
a a a a

aa
r r r

ar

a a a
aa

r r r
ar

, , , ,
2

(D-26)

χ χ
χ χ

∂
∂

= −
Δ

+ Δ + Δ
=

F

x

N Z

Z Nx N x
k a r

( )

( )
ora

k

k k
ak

a a a
aa

r r r
ar 2

(D-27)

χ∂
∂

= ≠
F

x
k a r

( )
0 anda

k (D-28)

χ
χ χ χ

∂
∂

= − Δ
+ Δ + Δ

F N x Z
Z N x N x

( )

( )
a

a

a a
aa

a a a
aa

r r r
ar 2

(D-29)

χ
χ χ χ

∂
∂

= − Δ
+ Δ + Δ

F N x Z
Z N x N x

( )

( )
a

r

r r
ar

a a a
aa

r r r
ar 2

(D-30)

χ χ
χ χ

∂
∂Δ

= −
+ Δ + Δ

F N x Z

Z N x N x

( )

( )
a
aa

a a a

a a a
aa

r r r
ar 2

(D-31)

χ χ
χ χ

∂
∂Δ

= −
+ Δ + Δ

F N x Z

Z N x N x

( )

( )
a
ar

r r r

a a a
aa

r r r
ar 2

(D-32)

χ χ
χ

∂
∂

= −
Δ

+ Δ
F

Z

N x

Z N x

( )

( )
r a a a

ar

a a a
ar 2

(D-33)

Energy & Fuels Article

DOI: 10.1021/acs.energyfuels.5b02944
Energy Fuels 2016, 30, 3306−3319

3316



χ χ
χ

∂
∂

= −
Δ

+ Δ
=

F

x

N Z

Z Nx
k a

( )

( )
r

k

a a
ar

a a a
ar 2

(D-34)

χ∂
∂

= ≠
F

x
k a

( )
0r

k (D-35)

χ
χ χ

∂
∂

= − Δ
+ Δ

F N x Z
Z N x

( )

( )
r

a

a a
ar

a a a
ar 2

(D-36)

χ χ
χ

∂
∂Δ

= −
+ Δ

F N x Z

Z N x

( )

( )
r
ar

a a a

a a a
ar 2

(D-37)

η∂
∂

= −F
Z

B
Z

( )
4 2 (D-38)

η∂
∂

=F
B Z
( ) 1

4 (D-39)

η
η

η
κ

ε∂Δ
∂

= −
−

− = =
⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥b

k T
i a j a r

2.5
(1 )

exp 1 , or
ij

ij ij
ij

b
4

(D-40)

To calculate the derivative of Z with respect to pressure, we have
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Using the chain rule, we have the following equations for ∂χa/∂p,
∂χr/∂p, and ∂η/∂p:
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We define g1, g2, and g3 as

=g f1 1 (D-46)
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=g f3 3 (D-48)

If we substitute eqs D-43, D-44, and D-45 into eq D-42, using the
above definitions, we can obtain
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Substituting eqs D-44, D-45, and D-49 into eq D-43 and defining
g4 and g5 as

=g f4 4 (D-50)
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we have
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We define g6 and g7 as
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=g f7 7 (D-54)

If we substitute eqs D-44, D-45, and D-49 into eq D-41, using the
above definitions, we obtain
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The partial derivatives in the above equations are defined
previously except for ∂A/∂p and ∂B/∂p given by
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■ NOMENCLATURE
A = Peng−Robinson equation of state parameter, dimension-
less
B = Peng−Robinson equation of state parameter, dimension-
less
c = overall molar density, mol/m3

cf = total fluid compressibility, 1/Pa
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Fi = the sink or source term for component i, mol/(s·m3)
f i,α = fugacity of component i in phase α, Pa
g = acceleration of gravity, m2/s
k = absolute permeability, m2

kb = Boltzmann constant, J/K
krα = relative permeability of phase α, dimensionless
Mi = molecular weight of component i, g/mol
Ni = number of association sites of molecule i
n = number of moles
nc = number of components
p = pressure, Pa
pc = critical pressure, Pa
R = universal gas constant, J/(K·mol)
T = temperature, K
Tc = critical temperature, K
uα = phase velocity, m/s
V = volume, m3

̅vi = total partial molar volume of component i, m3/mol
xi,α = mole fraction of component i in phase α, dimensionless
Zα = compressibility factor of phase α
zi = overall composition of component i, dimensionless

Greek Letters
βα = molar fractions of phase α, dimensionless
Δij = association strength between site i and site j,
dimensionless
εij = energy parameter, J
η = cubic-plus-association equation of state parameter,
dimensionless
κij = association volume, dimensionless
μα = viscosity of phase α, kg/(m·s)
ρα = mass density of phase α, kg/m3

ϕ = porosity, dimensionless
φi,α = fugacity coefficient of component i in phase α,
dimensionless
χi = mole fractions of component i not bonded at one of the
association sites, dimensionless

Subscripts
a = asphaltene-rich liquid phase
g = gas phase
i = component
o = hydrocarbon-rich liquid phase
r = resins/aromatics
α = phase
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