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Thermodynamic stability provides the range of admissible properties of fluids and deformable solids. It
also allows determination if a substance can exist in given conditions. When a fluid reaches its limit of
thermodynamic stability, it should change phase. In deformable solids, instability may lead to failure, and
cracks are formed, the bulk solid stays the same, but work from tension is converted to surface energy. In
single-component fluids, thermodynamic stability leads to the dual conditions that the isothermal com-
pressibility and the heat capacity be positive at constant volume. In solids, both in 2D and 3D, the bulk
modulus K and the Lamé constant y should be positive; these two conditions arise from the mechanical
stability. The thermal stability requires that the heat capacity to be positive.

The criteria of thermodynamic stability in fluids and deformable solids are often derived on different ap-
proaches. In fluids, the derivations are based on a minimum of thermodynamic functions such as internal
energy or Helmholtz free energy. In solids, various expressions are based on volumetric behavior, geo-
metrical, dynamic, and energy expressions. We are not aware of generalized derivations for both fluids
and solids.

In this work, we derive the criteria of thermodynamics stability of fluids, and deformable solids in 1D, 2D,
and 3D. The derivations are based on the minimum of the Helmholtz free energy. The motivation from
this work is to set a basis for expansion to thermodynamic stability of fluid-solid systems in relation to
effect of different fluids on failure of solids.

© 2021 Published by Elsevier B.V.

1. Introduction isothermal compressibility and its heat capacity at constant vol-

ume are simultaneously positive. The condition of mechanical sta-

Thermodynamic stability provides the criteria for the stability
of phase existence at specified conditions. There may exist basic
differences between the thermodynamic stability of solids and flu-
ids. In order to see the difference, the derivations should use the
same approach. Apparently, a generalized derivation for thermo-
dynamic stability of fluids and deformable solids has not been at-
tempted in the past.

Thermodynamic stability in fluids provides the limit at which a
fluid will undergo change between two fluid states, say from gas
to liquid or from liquid to gas state. The conditions for stability
can be derived from the global minimum of thermodynamic func-
tions U, F, and G, which are internal energy, Helmholtz free energy,
and Gibbs free energy, respectively. The minimum is subject to
constraints and variables of the thermodynamic functions. Alterna-
tively, the maximum of entropy may be used. In single-component
fluids, a fluid may stay in the current phase state as long as its
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bility applies at constant temperature path which requires only the
compressibility to be positive. The thermodynamic stability allows
a fluid exists in a negative pressure. The thermodynamic stabil-
ity conditions for two-component and multi-component fluids are
well established [1].

In elastic deformable solids, the thermodynamic stability and
mechanical stability have not been derived with the same rigor as
in fluids. In general, due to the tensorial nature of stress and strain
in solids, the derivations are not as simple as in fluids where pres-
sure and volume are scalars and serve as the variables. In solids,
different expressions based on geometry have been used to de-
rive the conditions of mechanical stability. As an example, the ex-
pression for the shear deformation (also known-as the first Lamé
constant), u = E/(2(1+v)), is often used to find one of the two
limits of Poisson’s ratio. Often v > —1 is derived as the lowest
limit for the Poisson’s ratio. Therefore, materials with a negative
Poisson’s ratio are theoretically possible and have been presented
[2,3]. The physical meaning is that upon extension in one direc-
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tion, there may be swelling in the other directions. The other pa-
rameter in the above expression is E, the Young modulus. The ex-
pression for volumetric strain e, = [(1 — 2v)(ox + 0y + 02)]/E is of-
ten used to obtain the upper limit for the Poisson’s ratio v < 0.5.
The limit v = 0.5 is for in-compressible materials. The above lim-
its, —1 < v < 0.5 is for 3D elastic solids. There is growing interest
in 2D deformable solids [4]. In such materials the limits on the
Poisson’s ratio are given by —1 < v < 1 [5]. Both in 2D and 3D, it
is known that the Young modulus E should be positive.

In 1D elastic materials [6], the Spring constant k which has
the same numerical value as the Young modulus E is positive
(k> 0), and the line thermal expasion coefficient h is positive
(h > 0). Comprehensive derivations for stability of deformable me-
dia have been presented by Kochmann and Drugan [5]. These au-
thors classify the methods as energy and dynamic in both 2D and
3D. The conditions are derived such that @ >0 and K >0, u is
the first Lamé constant, and K is the bulk modulus. In terms of
u, and A (second Lamé constant), the 3D criteria becomes @ > 0
and A+ (2/3) > 0. In 2D the criteria are given by u >0 and
A+ @ > 0. The results by Kochman and Drugan are in agreement
with the derivations in this work. Landau and Lifshitz [7] have
formulated the expression for the Helmholtz free energy of a de-
formable isotropic solid and present the condition K > 0 and . > 0
for mechanical stability. The steps in the derivations are not pre-
sented. Morris and Krenn [8] have also investigated the stability
of elastic materials. The authors use the stability from the vari-
ation principle §F[u(x)] > 0, where F is the Helmholtz energy,
and éu(x) is the variational displacement. Morris and Krenn derive
the mechanical stability condition in the form of &;;,d¢;;6&) > O,
where &y is the symmetric part of the moduli that governs the
variation in the Cauchy stress tensor. Final expressions are not
provided in terms of the Lamé constants or Poisson’s ratio. Dun-
woody and Ogden [9] investigate thermodynamic stability of heat
conducting 3D elastic materials. The authors investigate a time-
dependent problem. They derive the mechanical stability condition
for an isotropic body in terms of Lamé constants 3A + 2w > 0, and
thermal conductivity k > 0. The result in terms of thermal conduc-
tivity relates to conduction heat flux which is different from ther-
mal stability that we are seeking in this work. A large number of
other authors in different contexts have discussed thermodynamic
stability of solids. Mouhat and Coudert [10] present basic deriva-
tions of mechanical stability of crystalline lattices. In cubic crystals,
the Born stability criteria in three separate relations are presented
in terms of the second order elastic constants. In the rhombohe-
dral class, there are four criteria in terms of the elastic constants.
The authors state that the criteria have not been presented in the
literature. In a classical work by Truesdell and Noll “The Non-linear
Field Theories of Mechanics” [11] only the two expression for me-
chanical stability for elastic material are presented in terms of u
and A. There are no derivations. Chen et al. [12,13] have exam-
ined mechanical stability based on the Born criteria for a tetrago-
nal structure relevant to TaSi (5/3) desilicides and MosSij silicides.
The focus is the influence of vacancy defects on elastic and elec-
tronic properties from first-principles calculations

The work by Landau and Lifshitz, and Kochmann and Drugan
are perhaps, the most comprehensible in the literature on the me-
chanical stability of isotropic deformable bodies. A direct mathe-
matical derivation of thermodynamic stability analysis applicable
to both fluids and deformable bodies along with details of deriva-
tions has not appeared in the literature to the best of our knowl-
edge. A unified thermodynamic derivation may set the stage for
better understanding. Deformable solids beyond the limit of ther-
modynamics stability would lead to rupture and creation of new
surfaces. This is the whole idea of the concept proposed by Griffith
in 1921 [14,15]. He suggested that the work from tensile should be
equal to the surface energy of the created fractures. In fluids be-
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yond the limit of thermodynamic stability, one may have a phase
change. Despite the fact that solid failure and phase change in flu-
ids may seem very different, the thermodynamic analysis show
equivalency of the two processes. Generalized derivations of ther-
modynamic stability analysis in fluids and deformable isotropic
solids is the main motivation of our work. There is very interest-
ing observation in relation to failure of solid materials which is
very different from instability in fluids. Failure of solids depends
on contact with fluids. Let us consider a piece of shale rock and
apply stress through different fluids. The breaking of the rock will
depend on the type of fluid. When the shale rock is contact with
water, the break down pressure may be two times higher than car-
bon dioxide. The effect of different fluids on failure of rocks in re-
lation to fracturing fluids has not been fully resolved. In a recent
work we have analyzed the effect of three different fluids in frac-
turing of rocks [16]. Through Griffith’s idea, the effect of different
fluids is introduced and the potential energy of the rock is con-
verted to the fluid-rock interfacial free energy of the created sur-
face. As a first step the thermodynamic stability of bulk rock is the
key.

In the following, we will present our derivations of thermo-
dynamic stability of deformable isotropic linear elastic solids. The
same approach will be used for fluid stability.

2. Mechanics of elastic bodies

The basic expression in relating the strain to displacement
(when the space derivatives of the deformation are small) is given
by [17]

e=3[Vs+(Vs)'] )

where s is the displacement. Using Eq. (1), the expression for the
element ¢;; is given by

1 85,- st
gi==|a—+ 5| 2
y 2 |:an + 8Xi ( )
The expression for work per unit volume for solid displacement is
given by

dw =0 :de (3)

where : represents the double dot product of two tensors. In Eq. 3,
the work done on the solid from the tension adds to the poten-
tial energy of the solid and is considered positive. Eq. (3) can be
written as,

n n
dw = ZZO’,’de,‘j, (4)
i=1 j=i
where oj; and ¢;; are the ij-th element of the tensor o and &, re-
spectively. The dimension of the solid body is denoted by n. Eq.
(4) gives the expression for work per unit volume. Next, we write
the expression for Hooke’s law in general form [18,19]

o(T. &)= (T —Ty)B +Ce, (5)

where Ty is the temperature of the initial unloaded state, B is a
second order tensor with n? elements, and C is a fourth order ten-
sor with n* elements (81 in 3D and only one in 1D). Using Eq. (5),
the expression for the element oj; is given by

n n
0yj(T, &) = =byy(T = To) + Y_ Y Gjuséu» (6)

k=1 I=1

where b;; and Cjj, are the ij-th and ijkl-th element of tensor B
and C, respectively. In 1D,

F=h(T =Ty + k(x — x0) (7)
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where F is the force, h is the linear thermal expansion

0x
h=—k| — ), (8)
<8T)F

k is the Spring constant, and x is displacement from the original
position xg. In higher dimensions (n > 1), the expression for the
element o;; in terms of Lamé constant A and p is given by (in
isotropic medium) [20,21]

n
—,B(T—Tg)5,’j+)¥5ij28kk+2/‘b‘9ij’ (9)
k=1

Uij(T, 6') =

where §;; is the Kroneker delta function, 8 = o[A + (2/n)u], « is
the coefficient of thermal expansion

1[0V 1(0dp
-i(3),-30),

where p =m/V, m is the total mass, and V is the volume of the
body. In the derivation of Eq. (10) one may use,

n
= Zd&'”. (11)
i=1

The inverse of Hooke’s law relating the strain to the stress is given
by

B(T —Tp) 1 R

&ij(T.0) = m&‘j + 5% 20k +270) 4 fokk

(12)

Based on Eq. (12), the expressions for strain in 2D, and 3D are pro-
vided below.

ey _BT-T) 1 o A

81-] 2()»4—[1) + 1] 81]4“()‘«4‘”) (Gll +O'22),
,]:1,2, (13)

o _PT-T) 1 . o A

&; = 3T 2 +2M ij 5,]2M(3A+2M)(011+Uzz+<733),
ij=1,2,3. (14)

2.1. Young modulus and Poisson’s ratio

The Young modulus is defined by
Oij

E=—.
Eij

(15)
Note that the above definition is the ratio of stress on the i direc-
tion to strain on the same direction while the stress on the other
directions (in 2D and 3D) are constant. That is, 0j; = 0, j # i. Com-
bining Eqgs. (15) and (12), and the condition stated above provides
the expression for the Young modulus

2unA +2m)
E=—" —— . 1
m-DA+2u (16)
Poisson’s ratio is defined by
Eii
P — 17
o (17)

Poisson’s ratio and the Lamé constants are well defined in 2D and
3D. Let the stress on the direction other than i be equal to zero,
ie, gj; =0, j#1i. As a results, combining Eqs. (12) and (17) gives
the expression for Poisson’s ratio

A

V= Ditan (18)

Fluid Phase Equilibria 549 (2021) 113219

The expressions for Young modulus and Poisson’s ratio in terms of

Lamé constants in 2D and in 3D are (from Egs. (16) and (18)),
A+ @) MGA+2u)
E@D - 22— — T pGD) . T T 19
A+20 A+ (19)
A A
@D) _ (D) _
Y _k+2u’v 2A+2u (20)

Moreover, using Eqs. (16) and (18), the Lamé constants can be ex-
pressed in terms of Young modulus and Poisson’s ratio:

Ev

= , 21
T+v)[1-(n-1)v] (21)
E
"= Sdy (22)
In 2D, and 3D, Eq. (21) reads as
5.2D) _ Ev (D) Ev (23)

1+v)A-v)’ 1+v)(1-2v)
Note that the relation & = w(E, v) in Eq. (22) is independent of n.

2.2. Bulk modulus

The bulk modulus K is the volumetric modulus, while E is the
line modulus. The bulk modulus is defined by

ap
K= V(av) (24)
where p = —§;;0;j, for all i, j =1,..., n. Using Eq. (11), one can de-
rive
1/ 0Tro
K= n<8Tre)T’ (29)

where we have used Tro =
Hooke’s law (9),

Tro (T, Tre) = —nB(T — Ty) + (nA + 214)Tre. (26)

Combining Eqs. (25) and (26) one arrives at the general expression
of bulk modulus

Y04 and Tre =31 ;¢&; Using

K:k+%u. (27)

3. Thermodynamics of stability

The first law of thermodynamics is stated as
du = Tds + dw, (28)

where u is the internal energy per unit volume, T is temperature
and s is the entropy per unit volume. Using Eq. (3), the first law of
thermodynamics reads as

du=Tds+o : de, (29)

The Helmholtz free energy per volume f = f(T, &) can be obtained
from the first Legendre transformation of u

df = —sdT + o : de, (30)

where s =s(T, €) is the entropy per volume. Since tensors ¢ and
€ are symmetrical, the Helmholtz free energy per volume can be a
function of &;; with i < j. Therefore,

n
df = _SdT+ZUiid8ii+2Zaijd8ijs (31)
i-1 i

i.e., there are only 1+ n+n(n—1)/2 independent variables.
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3.1. Stability based on f
According to [1,22,23] the state is locally stable, if the

Helmholtz free energy is concave in temperature and convex in the
extensive variables. Let us denote

T
y =(811, <o €nn €12, -, €103 €23, .-+, € ~..,8(n71)n)
c RYH—TI(H—I)/Z- (32)
Then, the state is locally stable if the Hessian matrix Hg
af of af
9y19y2 9y1y2 e 9Y1Ym
of of af
9y2y1 0y2Y2 T ay2ym
H:(y) = . ) ) , (33)
af of af
Ymy1 Ymy2 T 0Ymym

where y; is the i-th component of vector y, is positive definite,
and

92

a—T{ <0. (34)
The positive definiteness can be examined using the Sylvester cri-
terion [24] or other method from linear algebra. In 1D, based on
Eq. (7), the expression for the Helmholtz free energy is

df = —sdT + Fdx. (35)
Then, the second derivative reads as

02 f
(8"2>T =k, (36)

02f s
(5)(5)

In higher dimensions, combining Eqs. (9) and (31) results in

ad & .
Wfii:afi:_ﬂ+)‘28k’<+2‘w“‘ i=1,...,n, (38)
k=1
aaf =20;;=4ug;, i<jandi,j=1,...,n, (39)
8ij

af
(ar)s =-s. (40)

Using Eqs. (38)-(40), the second derivatives of the Helmholtz free
energy f with respect to ¢;; and T read as

02 f .
=A+2 =1,... 41
5o +2n, i=1,....n, (41)
2
O°f =A, i<ji=1...,n, (42)
88”8}'}'
02 f L.
— =4u, i i,j=1,...,n, 43
9¢2 " <jij (43)

02f s
(39),(5)

The other second derivatives are zero.

Now, we present stability conditions in one, two, and three di-
mensions. First, we present the thermal condition. In 1D, the con-
cavity argument in temperature results in condition

32 f 3s
(), -(7), - <45)
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Using the specific heat capacity at constant displacement cx de-
fined by

as
Cx = T(E)]'>X’ (46)
the thermal stability condition (45) reads as
cxy > 0. (47)

In 2D and 3D, the concavity argument in temperature results in
condition

0%f s
(),

Since the specific heat capacity at constant strain ce

as
ce=T (87") , (49)
€
the thermal stability condition (48) reads as
ce > 0. (50)

The mechanical stability arises from the convexity argument of
the Helmholtz free energy in €. In 1D, we readily obtain k > 0.
In 2D, the strain variables are y = (e11, €22, £12)", and the Hessian
matrix reads as

A+20 A 0
HZD (y) = A A+2u 0 (51)
0 0 4u
Using the Sylvester criteria we get three conditions
A+2u>0, (52)
(A +2m)* = A2>0, (53)
4u[ (A +2u1)* - 22> 0. (54)

In order to be positive definite, all three conditions must be sat-
isfied. The solution is # > 0 and A + u > 0. In 3D, the strain vari-
ables are y = (£11, €22, £33, £12, €13, £23)7, and the Hessian matrix
reads as

424 A A 0 0 0

A A+21 A 0 0 0

(3D) _ A A A+20 0 0 0

HW = 0 0 41 0 O

0 0 0 0 4u O

0 0 0 0 0 4u
(55)

Using the Sylvester criteria we get six conditions

A+2/1>0, (56)
(A +2p)* = A2>0, (57)
(A +21)° +223 =322 (A +2)> 0, (58)
Ap[ O+ 2p)° + 203 =32 (A +2) > 0, (59)
162[ (A +21)* +22% = 302 (A +21) > 0., (60)
6413[ (A +21)° +22% = 302 (h +211)]> 0. (61)
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Table 1
Stability conditions in different dimensions.
Mechanical Thermal
dimension A, E.v K, n C.
1D - k>0 - >0
2D nw>0A+u>0 E>0 -1<v<l1 nw>0K=>0 c>0
3D nw>0A+@2/3)u>0 E>0,-1<v=<05 n=>0K=>0 Cce>0

In order to be positive definite, all six conditions must be satisfied.

The solution is 4 > 0 and A +2/3u > 0.
Therefore, in 2D and 3D, the mechanical stability is given by
n >0,
ni+2u  >0. (62)

3.2. Stability in terms of Young modulus and Poisson’s ratio

Using Eqgs. (21)-(22), the mechanical stability conditions can be
expressed in terms of the Young modulus and Poisson’s ratio. The
stability condition u > 0 and Eq. (22) gives

E
25 > 0. (63)
Therefore,
(E>0andv>-1)or (E<Oand v < -1). (64)

Next, we analyze the second stability condition nA + 2 > 0. Using
Eqgs. (21)-(22), the stability condition can be transformed to

E
[(ECEEI) > 0. (65)
Therefore,

(E>Oandv<i> 0r<E<0andv>L>,
n-1 n-1
n=2 and 3. (66)

Combining Eqs. (64) and (66) leads to the final form of the stability
conditions in terms of the Young modulus and Poison’s ratio

E>Oandve<—1;nlj>, n=2and 3. (67)

3.3. Stability in terms of Bulk modulus

The mechanical stability conditions can be expressed in terms
of Bulk modulus K and one other parameter. Using Eq. (27), K =
A+ (2/n)u, and the condition from Eq. (62) results in

K>0and u > 0. (68)

3.4. Summary of the stability conditions

In Table 1, we summarize the stability conditions in the three
basic dimensions.

4. Thermodynamic stability of fluids

We will also use the Helmholtz free energy to derive the
stability condition for fluids. For a single-component fluid, the
Helmholtz free energy is given by

df = —sdT — pdv, (69)
which is obtained from Eq. (31) by
o=-pl, (70)

3
dv = Zd&'ﬁ, (71)
i=1

where I is the unit tensor. We will use the same method as in
solids to get the well-known stability conditions for fluids [1]. The
second derivative of f with respect to v is,

0f op
(52), (), ™

Using the convexity argument, we get the condition

ap
_<3U>T > 0, (73)

which is the mechanical stability condition. The thermal condition
is derived from the concavity argument of the Helmholtz free en-
ergy in temperature. Therefore, the thermal condition reads as

02f s
(7). ~(5), - &

Since

ds Cy
(%)%

the condition (74) implies
¢y > 0. (76)

In our review of the literature on thermodynamic stability of elas-
tic solids we observed the focus has been on mechanical stability
without consideration of thermal stability. The criterion of thermal
stability of isotropic deformable solids is given by Eq. (47) for 1D,
and by Eq. (50) for 2D and 3D materials. One application relates
to geothermal energy and calculation of energy transfer from hot
rock by a working fluid for geothemal energy production as state
of stress changes.

5. Concluding remarks

We have derived the criteria of thermodynamic stability of flu-
ids and deformable and isotropic materials using Helmholtz free
energy in a unified manner. The main conclusions from our work
are:

1. The Helmholtz free energy can be used to derive the criteria of
mechanical and thermal stability of both fluids and deformable
isotropic solids based on Sylvester’s approach to establish ma-
trix definiteness.

2. The concavity of Helmholtz free energy in temperature can pro-
vide thermal stability. In fluids and in deformable solids the
convexity with respect to strain, and volume, respectively, pro-
vides mechanical stability. Well known criteria of thermody-
namic stability in 1D, 2D, and 3D in deformable solids, and flu-
ids are then readily established.

3. The derivations in solids are more general and can be used to
derive the expressions in fluids. From fluids one may not extend
the derivations for deformable solids
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Despite simplicity the derivations are rigorous; they will set the
stage for investigation of effect of different fluids on failure of de-
formable materials. Fracturing of rocks by fluids such as CO, and
water is a clear example of high industrial importance. The idea
introduced by Griffith is in support of effect of different fluids on
failure of elastic bodies [14-16,25].
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