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The form of multicomponent Fickian diffusion coefficients matrix in thermodynamically stable mixtures
is established based on the form of phenomenological coefficients and thermodynamic factors. While
phenomenological coefficients form a symmetric positive definite matrix, the determinant of thermody-
namic factors matrix is positive. As a result, the Fickian diffusion coefficients matrix has a positive deter-
minant, but its elements — including diagonal elements — can be negative. Comprehensive survey of
reported diffusion coefficients data for ternary and quaternary mixtures, confirms that invariably the
determinant of the Fickian diffusion coefficients matrix is positive.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Multicomponent Fickian — often termed molecular — diffusion
plays a critical role in a number of industrial and natural processes.
However, experimental determinations of multicomponent diffu-
sion coefficients are only available for a limited number of ternary
and quaternary mixtures, although binary data is abundant. Theo-
retical work on multicomponent diffusion coefficients is also lim-
ited. It is known that composition variation in multicomponent
mixtures may differ markedly from binary mixtures due to cross-
Fickian diffusion. Therefore, there is a need for both theoretical
and experimental studies on multicomponent diffusion.

In three and higher n-component mixtures, Fickian diffusion
coefficients form an n � 1 � n � 1 matrix, D, which is generally
non-symmetric. The form of this matrix has been a subject of lim-
ited theoretical studies [1–7]. These studies use thermodynamics
of irreversible processes approach of de Groot and Mazur [8] and
linear algebra theorems. Furthermore, Hirschfelder et al. [9] show
that in ideal gas mixtures, all molecular diffusion coefficients are
non-negative. Standart et al. [10] generalize this ideal gas restric-
tion to prove the non-negative restrictive constraints on
Maxwell–Stefan diffusion coefficients.

Yao [2] argues — without proof — that main term diffusion coef-
ficients, D11 and D22, in ternary mixtures are always positive. He
assumes that multicomponent interactions are weak, thus each
component only diffuses down its own chemical potential gradi-
ent. The author proposes a model with the conditions: D11 > D12,
D22 > D21, and D11D22 > D12D21. These conditions are tested for six
experimental data points of different compositions in two ternary
ll rights reserved.

oozabadi).
mixtures: (sodium sulfate + hydrogen sulfate + water), and
(polystyrene + cyclohexane + toluene).

Cullinan [1] shows that the characteristic roots of D — the
eigenvalues — are invariant under transformations of reference
velocity. Further, Cullinan argues that these eigenvalues are
pseudo-binary diffusion coefficients; thus, they are analogous to
diffusion coefficients in binary mixtures which are real positive
numbers that are equivalent regardless of reference frame. Ulti-
mately, Cullinan’s work allows for decoupling of multicomponent
flux equations.

Kirlkaldy’s [3,4] approach is specific to multicomponent diffu-
sion coefficients based on volume-fixed frame of reference, DV

(section 2.1). Using generalized Fick’s laws, entropy production,
and Onsager reciprocal relations, he demonstrates that DV is a
product of two positive definite matrices — phenomenological
coefficients matrix (L) and a matrix that is a function of chemical
potentials derivative — thus, DV must have all real and positive
eigenvalues. Further, he states that diagonal diffusion coefficients,
DV

ii , need not be individually positive to satisfy thermodynamic sta-
bility requirements. Nonetheless, he points out that kinetic models
invariably yield positive DV

ii . Thus, he asserts that sufficient stability
conditions for DV in a ternary mixture are: DV

11 > 0; DV
22 > 0;

jDV j > 0, and DV
12DV

21 P 0. Kirkaldy’s approach and conclusions are
adopted in the works by Gupta and Cooper [5] and Vrentas and
Vrentas [7].

Miller et al. [6], discuss several aspects of multicomponent dif-
fusion including reference frame transformations, effect of solvent
(reference component) choice, and existence of negative DV

ii . Using
Kirkaldy’s approach, the authors show that although DV is a prod-
uct of two positive definite matrices, it need not be symmetric or
positive definite. However, they show that DV has real and positive
eigenvalues that allows it to be diagonalized to provide solutions
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to diffusion equations that are real and non-periodically decaying.
Moreover, the authors state that there is no proof that all DV

ii should
be individually positive, and demonstrate the existence of one ter-
nary system — chloroform (4.90 mol � L�1) + acetic acid (8.57 mol �
L�1) + water (6.94 mol � L�1) — with negative DV

ii .
In general, theoretical restrictions on D are based on the

requirement for real and positive eigenvalues; a constraint that is
based on positive definiteness of both L and the matrix of the
derivatives of chemical potentials. While the former is true, the lat-
ter may not be the case (sections 2.3 and 2.6). Furthermore, some
of the studies argue that diagonal elements of D should be individ-
ually positive. While this might be the case in ideal and slightly
non-ideal mixtures, some diagonal D elements may be negative
in strongly non-ideal systems (sections 2.6 and 3.1). Therefore,
the objective of this work is twofold:

(i) We show that the restriction for positive determinant of D
can be established theoretically by application of the second
law of thermodynamics and the requirement for thermody-
namic stability. Further, we demonstrate the existence of
negative diagonal diffusion coefficients — which are a direct
result of non-ideality effect — in thermodynamically stable
mixtures (section 2); and,

(ii) We perform comprehensive examination of multicompo-
nent diffusion coefficients reported from experimental data.
We analyze these reported data to confirm that the determi-
nant of D is invariably positive (section 3).

2. Theory on form of Fickian diffusion coefficients

2.1. Diffusion flux

Diffusion coefficients quantify the proportionality constant be-
tween diffusion fluxes and composition gradients. Diffusion flux
using Fick’s approach can be expressed based on various reference
frames for velocity [11]: molar-, mass-, and volume-average veloc-
ity. Under isothermal and isobaric conditions, molar diffusion flux
of component i with respect to molar-average velocity, JM

i , is given
by,

JM
i ¼ �ct

Xn�1

j

DM
ij rT;pxj; i ¼ 1; . . . ; n� 1; ð1Þ

where n is number of components in the mixture, ct is total mix-
ture’s molar density, rT,pxj is mole fraction gradient of component
j at constant temperature T and pressure p, and DM

ij are Fickian dif-
fusion coefficients based on molar-average reference frame.

Similarly, mass diffusion flux with respect to mass-average
velocity, Jm

i , is given by,

Jm
i ¼ �qt

Xn�1

j

Dm
ijrT;pxj; i ¼ 1; . . . ;n� 1; ð2Þ

where qt is total mixture’s mass density, xj are mass fractions, and
Dm

ij are Fickian diffusion coefficients based on mass-average refer-
ence frame.

Lastly, molar flux with respect to volume average velocity, JV
i , is

given by,

JV
i ¼ �

Xn�1

j

DV
ijrT;pcj; i ¼ 1; . . . ;n� 1; ð3Þ

where cj is molar concentration of component i, and DV
ij are Fickian

diffusion coefficients based on volume-average reference frame.
Equations (1) to (3) represent the independent diffusion fluxes

since
P

iJi ¼ 0. Generally, theoretical studies are based on either
equation (1) or equation (2), while equation (3) is used in experi-
mental work. Using equation (3) eliminates complexities that
may arise from systems with variable densities [1]. In this work,
our focus is on mole-based diffusion coefficients matrix, DM. How-
ever, all three forms of diffusion coefficients, D, — mole-based, DM,
mass-based, Dm, and volume-based, DV, — are necessary for our
analysis of experimental data (section 3).

The mole-based diffusion coefficients matrix, DM, is an
n � 1 � n � 1 matrix:

DM
1;1 DM

1;2 � � � DM
1;n�1

DM
2;2 DM

2;2 � � � DM
2;n�2

..

. ..
. . .

. ..
.

DM
n�1;1 DM

n�2;2 � � � DM
n�1;n�1

2
666664

3
777775; ð4Þ

where diagonal elements ðDM
ii Þ are the main-term diffusion coeffi-

cients, while off-diagonal elements ðDM
ij ; i – jÞ are the cross-term

diffusion coefficients of i and j.
Ghorayeb and Firoozabadi [12] use entropy production, Onsag-

er’s reciprocal relations, and Gibbs–Duhem equation to derive an
expression for DM

ij :

DM
ij ¼

R
ctMnxn

Xn�1

l¼1

Xn�1

k¼1

MkxkþMnxndlk

Mk

@ ln fk

@xj

����
T;p;�xj

Lli; i; j¼1; . . . ;n�1;

ð5Þ

where Lli are phenomenological coefficients; Mk and fk are molecu-
lar masses and fugacities, respectively, of component k; Mn and xn

are the molecular mass and mole fraction, respectively, of the refer-
ence component; dlk is the Kronecker delta; and R is the gas con-
stant. Note that �xj denotes that mole fractions, x1,x2, . . . ,xn�1, are
held constant except xj while maintaining

P
jxj ¼ 1.

Equation (5) shows that the sign of DM
ij depends on two

parameters:

(i) Phenomenological coefficients, Lli; and,
(ii) Thermodynamic factors, Fkj � ð@ ln fk=@xjÞT;p;�xj

.

2.2. Form of phenomenological coefficients

The restriction imposed by the second law of thermodynamics
establishes the form of phenomenological coefficients as shown
by de Groot and Mazur [8]. We use similar approach in this section
for completeness. Irreversible thermodynamics postulates linear
laws that represent generalized fluxes (Jl) as products of phenom-
enological coefficients (Lli) and thermodynamic driving forces (Xi).
In an n-component isotropic mixture, these linear laws can be
written as:

Jl ¼
Xn�1

i¼1

LliXi; l ¼ 1; . . . ;n� 1: ð6Þ

Dot product of the fluxes and driving forces provides the
expression for entropy production strength per unit volume and
time, r, which is invariant under reference frame transformation
[4] and is given by,

r ¼
Xn�1

l¼1

Jl � Xl: ð7Þ

The second law of thermodynamics requires that r is always
positive. Thus, r which can be expressed in terms of phenomeno-
logical coefficients and thermodynamic driving forces using equa-
tions (6) and (7) becomes,

r ¼
Xn�1

l¼1

Xn�1

i¼1

LliXi � Xl P 0: ð8Þ
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At equilibrium, driving forces and their respective fluxes vanish,
i.e. r = 0. For conditions away from equilibrium, the quadratic form
of equation (8) imposes a restriction on the phenomenological
coefficients since,

r ¼
Xn�1

l¼1

Xn�1

i¼1

LliXi � Xl � XT LX > 0; ð9Þ

where L is the matrix of phenomenological coefficients, and XT de-
notes the transpose of the column vector of thermodynamic driving
forces X.

The coefficients Lli are functions of T, p, and composition.
Onsager’s theorem of reciprocal relations in thermodynamics of
irreversible processes, imposes symmetry of these phenomenolog-
ical coefficients such that Lli = Lil [8]. Thus, L as shown in equation
(9) is positive definite for all non-zero thermodynamic driving
forces X.

According to linear algebra theorems, a real symmetric matrix
— such as L — is positive definite if, and only if, all its eigenvalues
(kL,i) are positive [13]. Algebraically, it follows that such a matrix
has: positive trace and determinant, positive principal minors
based on Sylvester’s criterion, and can be represented as a diagonal
matrix in some basis whose diagonal elements are positive [13,14].
Hence, L must meet the conditions:

kL;i > 0;

jLj ¼
Y

i

kL;i > 0;

X
i

Lii ¼
X

i

kL;i > 0;

LiiLll � L2
il > 0;

Lii > 0;

i; l ¼ 1; . . . ;n� 1:

ð10Þ
2.3. Form of thermodynamic factors

Thermodynamic factors, Fkj, quantify the mixture’s non-ideality
and are defined from chemical potentials, lk, through [15],

Fkj �
@ ln fk

@xj

����
T;p;�xj

¼ ðRTÞ�1@lk

@xj

����
T;p;�xj

; j; k ¼ 1; . . . ;n� 1: ð11Þ

In ideal mixtures, the fugacity coefficients, /k, are unity [11].
This implies that each component fugacity, fk = /kxkp, in ideal mix-
tures can be expressed as fk = xkp [15]. Thus, Fkj in equation (11) re-
duces to a function of composition:

@ ln fk

@xj

����
T;p;�xj

¼ 1
xk

dkj; j; k ¼ 1; . . . ;n� 1: ð12Þ

Equations (5) and (12) imply that the sign of DM
ij in ideal mix-

tures depends only on Lli. In non-ideal mixtures, however, the Fkj

term plays an important role. In such mixtures, fugacity (fk) is a
function of T, p, and composition and is evaluated from either
activity coefficients models [11], or models based on equations of
state (EOS). The sign of the derivative, ð@ ln fk=@xjÞT;p;�xj

, cannot be
predicted beforehand in three and higher component mixtures; it
can be of either sign depending on the properties of the mixture
under consideration (section 2.6). However, based on thermody-
namic stability considerations, the determinant of @lk/@xj in equa-
tion (11) is positive [15]. Therefore, imposing linear algebra
determinant theorem [13] on the relation in equation (11), the
determinant of Fkj is also positive for thermodynamically stable
mixtures:
jFj ¼ ðRTÞ�ðn�1Þ @lk

@xj

� �
T;P;�xj

�����
����� > 0; j; k ¼ 1; . . . ;n� 1: ð13Þ
2.4. Determinant of Fickian diffusion coefficients matrix

In compact matrix form, equation (5) can be written as,

DM ¼ A �M � L �W � F; ð14Þ

where L and F are matrices of phenomenological coefficients and
thermodynamic factors, respectively, as previously defined; and
the elements of A, M, and W are given by,

Aij ¼
RLii

ctMixiMnxn
dij; i; j ¼ 1; . . . ;n� 1; ð15Þ

Mij ¼
Mixi

Lii
dij; i; j ¼ 1; . . . ;n� 1; ð16Þ

Wij ¼ xj þ
Mnxn

Mj
dij; i; j ¼ 1; . . . ;n� 1: ð17Þ

The determinant of DM as given in equation (14) is the product
of determinants of the same order n � 1 � n � 1 contributing
matrices [13]:

jDM j ¼ jAj � jMj � jLj � jWj � jFj: ð18Þ

In equation (18), jLj and jFj are positive as shown in equations
(10) and (13), respectively. Moreover, A and M in equations (15)
and (16), respectively, are positive diagonal matrices. Since the
determinant of a diagonal matrix is the product of its diagonal ele-
ments [13], determinants of A and M are positive. Using equation
(16), W can be written as a product of M and L, thus its determi-
nant is also positive. Therefore, the product in equation (18) is po-
sitive. Conclusively, jDMj > 0, — thus, the product of the eigenvalues
of DM is positive,

Q
ikD;i > 0, — for thermodynamically stable

mixtures.
As the critical point is approached, the determinant of @lk/@xj

goes zero [15]. Thus, the determinant of thermodynamic factors,
jFj, as given in equation (13) goes to zero. This implies that the
determinant of Fickian diffusion coefficients matrix, jDMj, as given
in equation (18) also goes to zero as the mixture’s critical point is
approached.

2.5. Form of Maxwell–Stefan diffusion coefficients

Standart et al. [10] have proved the non-negative restrictive
constraints on Maxwell–Stefan diffusion coefficients, }ij P 0. This
constraint can also be shown using the generalized framework
for multicomponent diffusion coefficients based on irreversible
thermodynamics [11,16]. In this framework, Maxwell–Stefan diffu-
sion coefficients are given by,

}ij ¼ D1ij
� �xj

D1ji
� �xi Yn

k¼1
k – i;j

D1ik D1jk
� �xk=2

; i; j ¼ 1; . . . ;n; i – j; ð19Þ

where }ij = }ji are Maxwell–Stefan diffusion coefficients for each
binary pair i� j;D1ij is the molecular diffusion coefficient of compo-
nent i infinitely diluted in component j, and xi is the mole fraction of
component i. At infinite dilution the three forms of molecular diffu-
sion coefficients — }ij;D

1
ij , and Dij — are identical. Besides, equation

(19), }ij can be related to D1ij using either an arithmetic mean of
composition or a geometric mean that includes viscosity [11], with-
out changing its form. Since D1ij and xi are real non-negative num-
bers, }ij are positive.

Thermodynamic factors, Fkj, — which may impart negative
Fickian diffusion coefficients — do not appear in the Maxwell–Stefan
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formulation. Instead, thermodynamic factors are used to relate Max-
well–Stefan to Fickian diffusion coefficients:

D ¼ ðBMÞ�1C; ð20Þ

where the elements of the matrices BM and C are given by,

BM
ii ¼

xi

}in
þ
Xn

k¼1
i–k

xk

}ik
; i ¼ 1; . . . ;n� 1; ð21Þ

BM
ij ¼ �xi

1
}ij
� 1
}in

 !
; i; j ¼ 1; . . . ;n� 1; i – j; ð22Þ

and

Cij ¼ xi
@ ln fi

@xj

����
T;p;�xj

; i; j ¼ 1; . . . ;n� 1; ð23Þ

respectively.
1 A data point represents either four or nine elements of D in ternary and
quaternary mixtures, respectively.
2.6. Negative diagonal elements of Fickian diffusion coefficients matrix

Sections 2.3 and 2.4 show that the form of DM is dependent on
the form of F; thus, the signs of individual DM elements are unre-
stricted as long as jDMj > 0. In this section, we demonstrate that
some DM

ii in the gas phase of two sets of thermodynamically stable
14-component petroleum fluid mixtures — CO2-rich and N2-rich —
are negative. Both mixtures are composed of N2, CO2, H2S, the
hydrocarbon series C4 to C10 which consist of pseudorized aliphatic
and/or aromatic species of the same carbon number hydrocarbon,
and C11+ which is the remainder of the petroleum fluid.

For each mixture, we evaluate its stability and proximity to the
critical point, both of which could lead to anomalous diffusion
behavior. Based on overall composition, we perform phase-split
calculations at constant T and p to determine equilibrium compo-
sitions in gas and liquid phases. Proximity to the mixtures’ critical
point is checked based on the algorithm by Hoteit et al. [17]. For
both mixtures, we use the algorithm to confirm that no critical
point can be detected within 5% perturbations of the given
compositions.

We calculate DM
ij based on the generalized multicomponent dif-

fusion coefficients framework as outlined in equations (19) to (23)
of section 2.5. Infinite dilution diffusion coefficients are calculated
from the correlation by Leahy-Dios and Firoozabadi [16], which is
based on corresponding state theory. This correlation was exten-
sively tested for binary and multicomponent non-polar gas, liquid,
and supercritical mixtures; therefore, it is expected to provide con-
sistent diffusion coefficients. The non-ideality in equation (23) is
calculated from analytical derivatives of the Peng-Robinson EOS
(PR-EOS) [15]. Fluid characterization and binary interaction
parameters needed for the PR-EOS are provided in Appendix A.
Also provided in Appendix A are molecular diffusion volume incre-
ments that are calculated by summing atomic diffusion volumes
[18, Table 11-1] and viscosities used to calculate diffusion
coefficients.

Both sets of mixtures were at T = 394.0 K, but the CO2-rich mix-
ture was at p = 13.56 MPa, while the N2-rich mixture was at
p = 15.89 MPa. Equilibrium compositions in gas and liquid phases
were determined at these T and p conditions and DM

ij calculated
in each phase. In the liquid phase of both mixtures, all DM

ii elements
are non-negative; however, in the gas phase of both mixtures,
some DM

ii are negative. Matrices of calculated thermodynamic fac-
tors, F, and the mole-based diffusion coefficients, DM, are shown
in tables 1–4 for the gas phase of CO2-rich and N2-rich mixtures,
respectively. Infinite dilution, D1ij , and Maxwell–Stefan, }ij, diffu-
sion coefficients are provided in Appendix B. Gas phase composi-
tions (in mole fractions) are indicated in parenthesis in the
relevant tables.

Table 2 shows that DM
22, the main-term diffusion coefficient for

carbon dioxide, is negative. This is because F11 = �1.03 as shown
in table 1. Similarly, table 4 shows that DM

11, the main-term diffu-
sion coefficient for nitrogen, is negative, which is due to
F11 = �0.82 as shown in table 3. Nonetheless, the determinant,
the trace, and all the 13 eigenvalues — that characterize DM in both
mixtures — are positive. Note that the absolute magnitude of some
of the off-diagonal diffusion coefficients elements are greater than
the diagonal elements. This implies that cross-Fickian diffusion is
important in these petroleum fluid mixtures.

Diffusion coefficients influence the rate of mass transfer. In
multicomponent mixtures, diffusion flux, JM

i , quantifies the diffu-
sion of species i relative to the flux of the mixture as a whole. Com-
position gradients, rT,pxj, also affect JM

i as shown in section 2.1. In
all mixtures,

P
jrT;pxj ¼ 0; thus, in binary mixtures rT,px2 =

�rT,px1, but in multicomponent mixtures each rT,pxj may be
different leading to diffusion interactions. In the two sets of 14-
component petroleum fluid mixtures considered here, equation
(1) can be used to assess the effect of the sign of DM

ii on JM
i . To that

end, we assign arbitrary values to rT,pxj equal to equilibrium gas
phase compositions in each mixture, and hold all other DM

ij values
constant except the signs of DM

22 and DM
11 for the CO2-rich and

N2-rich mixtures, respectively. For each mixture, ct is calculated
from PR-EOS. Table 5 shows that JM

CO2
and JM

N2
change — in both sign

and magnitude — with only change in sign of DM
22 and DM

11 for the
CO2-rich and N2-rich mixtures, respectively.
3. Experimental data on Fickian diffusion coefficients

To establish the validity of our findings in section 2.4, we con-
ducted extensive literature survey and analysis of multicomponent
(n P 3) molecular diffusion coefficients. We also checked these
data against theoretical restrictions often imposed on D (section
1). The restrictions for a ternary mixture, based on the condition
for real and positive eigenvalues, are outlined by Taylor and
Krishna [11] and can be generalized for an n-component mixture
(Appendix A) as,

i. Positive and real eigenvalues, kD, i > 0, i = 1, . . . ,n � 1;
ii. Positive trace,

Pn�1
i¼1 Dii > 0;

iii. Positive determinant, jDj > 0; and,
iv. Positive diagonal elements, Dii > 0, i = 1, . . . ,n � 1.

We calculated the eigenvalues (kD,i), trace (
Pn�1

i¼1 Dii), and deter-
minant (jDj), for all D of the reported experimental data of ternary
and quaternary mixtures. While all mixtures had

Pn�1
i¼1 Dii > 0 and

jDj > 0, we found a number of mixtures that do not meet the con-
ditions outlined above, namely:

(i) Mixtures whose D have negative diagonal elements; and,
(ii) Mixtures whose D have complex eigenvalues.

A total of 888 experimental data points1 are reported for multi-
component diffusion coefficients [19–136] for 107 different ternary
and quaternary mixtures (tables 1 to 6 of the supplementary data).
Of these, 881 are DV

ij , 6 are Dm
ij and 1 is DM

ij . Majority of the reported
data has water as a component, but only a few data points are for
mixtures with all organic components. To the best of our knowledge,
no diffusion coefficients are reported based on experimental mea-
surements for 5 or higher component mixtures. The available data



TABLE 1
Thermodynamic factors, Fkj, in the gas phase of the CO2-rich petroleum fluid mixture.

N2 (0.00265), CO2 (0.73787), H2S (0.00925), C1 (0.11917), C2 (0.03804), C3 (0.03287), C4 (0.02825),
C5 (0.01371), C6 (0.00875), C7 (0.00362), C8 (0.00283), C9 (0.00188), C10 (0.00112), C11+ (0.00001),

T = 394.0 K, p = 13.56 MPa

N2 CO2 H2S C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

N2 370.20 �6.67 �6.38 �7.02 �6.56 �6.21 �5.87 �5.53 �5.21 �4.90 �4.58 �4.27 �3.94
CO2 �2.40 �1.03 �2.35 �2.34 �2.27 �2.22 �2.17 �2.12 �2.07 �2.03 �1.98 �1.94 �1.89
H2S 4.41 4.18 112.24 4.34 4.20 4.10 3.99 3.88 3.78 3.68 3.58 3.48 3.38
C1 �2.97 �2.56 �2.40 5.48 �2.64 �2.45 �2.27 �2.09 �1.91 �1.74 �1.55 �1.38 �1.20
C2 5.67 5.70 5.65 5.55 31.69 5.30 5.20 5.10 4.99 4.92 4.82 4.73 4.63
C3 11.88 11.60 11.39 11.59 11.15 41.26 10.52 10.21 9.90 9.64 9.35 9.06 8.76
C4 18.07 17.50 17.13 17.62 16.90 16.37 51.24 15.32 14.81 14.37 13.87 13.39 12.89
C5 24.16 23.31 22.78 23.56 22.56 21.82 21.08 93.28 19.65 19.02 18.34 17.67 16.97
C6 30.16 29.04 28.36 29.41 28.13 27.19 26.24 25.32 138.74 23.62 22.74 21.89 21.00
C7 35.31 33.92 33.10 34.42 32.89 31.76 30.64 29.54 28.46 303.87 26.45 25.44 24.36
C8 41.04 39.38 38.41 40.02 38.21 36.88 35.56 34.26 33.00 31.86 384.30 29.44 28.18
C9 46.64 44.71 43.60 45.48 43.40 41.88 40.36 38.88 37.43 36.13 34.72 566.18 31.91
C10 52.55 50.35 49.08 51.25 48.89 47.17 45.45 43.77 42.12 40.65 39.06 37.51 931.45

C11+ is the reference component.

TABLE 2
Mole-based diffusion coefficients, DM

ij � 109 m2 � s�1, in the gas phase of the CO2-rich petroleum fluid mixture.

N2 (0.00265), CO2 (0.73787), H2S (0.00925), C1 (0.11917), C2 (0.03804), C3 (0.03287), C4 (0.02825),
C5 (0.01371), C6 (0.00875), C7 (0.00362), C8 (0.00283), C9 (0.00188), C10 (0.00112), C11+ (0.00001),

T = 394.0 K, p = 13.56 MPa

N2 CO2 H2S C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

N2 113.7 �2.0 �1.9 �2.1 �2.0 �1.8 �1.7 �1.6 �1.5 �1.4 �1.3 �1.2 �1.1
CO2 �178.8 �68.1 �166.5 �179.2 �153.5 �140.3 �131.6 �125.0 �119.7 �115.3 �111.5 �108.1 �105.0
H2S 4.1 4.0 103.9 4.0 4.0 4.0 3.9 3.8 3.7 3.7 3.6 3.5 3.4
C1 �40.3 �34.4 �31.3 79.7 �34.1 �30.7 �27.7 �24.9 �22.3 �19.8 �17.3 �14.9 �12.4
C2 19.3 20.0 19.6 18.8 110.0 18.9 18.7 18.4 18.1 17.8 17.5 17.2 16.8
C3 29.5 29.5 28.5 28.7 28.2 104.9 26.9 26.2 25.5 24.9 24.1 23.4 22.6
C4 34.4 34.0 32.8 33.5 32.6 31.8 99.8 29.9 28.9 28.1 27.2 26.2 25.3
C5 20.4 20.1 19.4 19.9 19.3 18.7 18.2 80.7 17.0 16.5 15.9 15.3 14.7
C6 15.2 14.9 14.3 14.8 14.3 13.9 13.4 13.0 71.5 12.1 11.7 11.3 10.8
C7 6.9 6.8 6.5 6.7 6.5 6.3 6.1 5.9 5.7 60.8 5.3 5.1 4.9
C8 6.0 5.8 5.6 5.8 5.6 5.4 5.2 5.1 4.9 4.7 57.1 4.4 4.2
C9 4.3 4.2 4.0 4.2 4.0 3.9 3.8 3.6 3.5 3.4 3.3 53.5 3.0
C10 2.8 2.7 2.6 2.7 2.6 2.5 2.4 2.4 2.3 2.2 2.1 2.0 50.4

C11+ is the reference component.

TABLE 3
Thermodynamic factors, Fkj, in the gas phase of the N2-rich petroleum fluid mixture.

N2 (0.70796), CO2 (0.01713), H2S (0.00583), C1 (0.18811), C2 (0.03139), C3 (0.01876), C4 (0.01531),
C5 (0.00646), C6 (0.00328), C7 (0.00148), C8 (0.00148), C9 (0.00178), C10 (0.00103), C11+ (0.000001),

T = 394.0 K, p = 15.89 MPa

N2 CO2 H2S C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

N2 �0.82 �2.17 �2.12 �2.18 �2.09 �2.02 �1.95 �1.88 �1.81 �1.72 �1.66 �1.60 �1.53
CO2 2.03 60.18 1.73 2.01 1.88 1.78 1.67 1.57 1.47 1.33 1.25 1.16 1.05
H2S 6.56 6.22 177.55 6.47 6.22 6.01 5.80 5.60 5.40 5.14 4.97 4.79 4.58
C1 1.14 1.12 1.09 6.38 1.03 0.99 0.95 0.91 0.87 0.82 0.79 0.76 0.73
C2 8.26 8.03 7.88 8.07 39.60 7.49 7.24 6.99 6.74 6.42 6.22 6.00 5.74
C3 13.52 13.12 12.86 13.22 12.68 65.58 11.86 11.45 11.04 10.51 10.17 9.82 9.39
C4 18.79 18.21 17.86 18.37 17.63 17.06 81.78 15.91 15.34 14.61 14.14 13.64 13.05
C5 24.04 23.28 22.83 23.51 22.56 21.82 21.09 175.09 19.63 18.68 18.08 17.45 16.69
C6 29.26 28.33 27.77 28.62 27.46 26.56 25.67 24.77 328.99 22.74 22.01 21.23 20.32
C7 35.99 34.84 34.16 35.22 33.79 32.68 31.58 30.48 29.39 702.28 27.08 26.12 25.00
C8 40.28 38.99 38.22 39.42 37.81 36.58 35.34 34.11 32.89 31.31 708.33 29.23 27.97
C9 44.86 43.41 42.56 43.91 42.11 40.73 39.36 37.99 36.62 34.86 33.74 594.28 31.15
C10 50.22 48.60 47.65 49.17 47.15 45.61 44.07 42.53 41.01 39.04 37.78 36.45 1004.33

C11+ is the reference component.
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are at p = 0.1 MPa and covers a limited temperature range
286.15 6 T 6 323.20 K.

Reported Dij are not unambiguous calculations, but are the best
fits to experimental measurements of composition. Moreover, the
accuracy of reported Dij varies depending on mixture conditions
and the technique used, and the uncertainty can be as high as
50%. The reported data is based on experimental measurements
made by different techniques: Gouy and Rayleigh interferometry,
laser beam deflection, Taylor dispersion, diaphragm cell, open-
end capillary tube, and high performance liquid chromatography.
Multicomponent data fitting of measurements of composition
sometimes require imposition of constraints to determine Dij. In
some reported Dij values [27,29], the fit of composition measure-
ments from experiments to determine D invoked the restrictions



TABLE 4
Mole-based diffusion coefficients, DM

ij � 109 m2 � s�1, in the gas phase of the N2-rich petroleum fluid mixture.

N2 (0.70796), CO2 (0.01713), H2S (0.00583), C1 (0.18811), C2 (0.03139), C3 (0.01876), C4 (0.01531),
C5 (0.00646), C6 (0.00328), C7 (0.00148), C8 (0.00148), C9 (0.00178), C10 (0.00103), C11+ (0.000001),

T = 394.0 K, p = 15.89 MPa

N2 CO2 H2S C1 C2 C3 C4 C5 C6 C7 C8 C9 C10

N2 �124.3 �272.2 �270.2 �296.6 �255.1 �232.5 �216.2 �202.8 �191.3 �179.4 �170.8 �162.6 �154.0
CO2 5.0 155.5 4.2 4.7 4.7 4.7 4.5 4.3 4.0 3.7 3.5 3.3 3.0
H2S 5.8 5.5 159.3 5.6 5.6 5.4 5.3 5.1 4.9 4.7 4.6 4.4 4.2
C1 36.5 39.6 38.0 214.7 37.8 38.5 38.2 37.5 36.4 34.8 33.9 32.9 31.5
C2 35.4 34.4 33.6 34.0 172.6 32.6 31.7 30.7 29.7 28.3 27.5 26.6 25.5
C3 29.8 28.7 28.0 28.6 27.8 146.6 26.3 25.5 24.6 23.5 22.8 22.0 21.1
C4 30.5 29.2 28.6 29.3 28.4 27.6 134.4 25.9 25.1 23.9 23.1 22.4 21.4
C5 15.2 14.6 14.3 14.6 14.2 13.8 13.3 112.2 12.5 11.8 11.5 11.1 10.6
C6 8.8 8.4 8.3 8.5 8.2 8.0 7.7 7.5 100.5 6.9 6.7 6.4 6.2
C7 4.7 4.5 4.4 4.5 4.4 4.2 4.1 4.0 3.8 92.6 3.5 3.4 3.3
C8 5.0 4.8 4.7 4.8 4.6 4.5 4.4 4.2 4.1 3.9 88.7 3.6 3.5
C9 6.5 6.2 6.1 6.2 6.0 5.8 5.7 5.5 5.3 5.0 4.9 86.5 4.5
C10 4.1 3.9 3.8 3.9 3.8 3.7 3.6 3.4 3.3 3.2 3.1 3.0 82.1

C11+ is the reference component.

TABLE 5
Diffusion fluxes, JM

i , of CO2 and N2 in the CO2-rich and N2-rich petroleum fluid
mixtures.

CO2-rich mixture
T = 394.0 K, p = 13.56 MPa

ct = 5.55 � 103 mol �m�1, rT;pxCO2 ¼ 0:738 m�1

DM
CO2

/(m2 � s�1) JM
CO2

/(mol �m�2 � s�1)

�68.09 � 10�9 5.08 � 10�4

68.09 � 10�9 �4.99 � 10�5

N2-rich mixture
T = 394.0 K, p = 15.89 MPa

ct = 4.81 � 103 mol �m�1, rT;pxN2 ¼ 0:708 m�1

DM
N2

/(m2�s�1) JM
N2

/(mol �m�2 � s�1)

�124.25 � 10�9 8.11 � 10�4

124.25 � 10�9 �3.54 � 10�4

TABLE 6
Volume-based diffusion coefficients, DV

ij � 109 m2 � s�1, as functions of temperature T
for water(1), 2-propanol(2), and cyclohexaneb mixture at p = 0.1 MPa [32].

T/K DV
11 DV

12 DV
21 DV

22

x1 = 0.1306, x2 = 0.4623

310.21 �0.1071 0.1064 �0.2120 0.1984
306.64 �0.0467 0.0547 �0.0997 0.1064
304.65 �0.0309 0.0328 �0.0566 0.0571
304.15 �0.0257 0.0267 �0.0440 0.0439
303.75 �0.0347 0.0323 �0.0559 0.0510

b Cyclohexane is the reference component.

TABLE 7
Volume-based diffusion coefficients, DV

ij � 109 m2 � s�1, as functions of composition xi

for chloroform(1), acetic acid(2), and waterb mixture at T = 298.15 K and p = 0.1 MPa
[38,39].

x1 x2 DV
11 DV

12 DV
21 DV

22
Reference

0.0925 0.4480 �0.0430 �0.4510 0.5810 1.1240 [38]
0.1000 0.4000 �0.1390 �0.4630 0.6370 1.0900 [38]
0.1897 0.5405 �0.3340 �0.9390 1.0650 1.8140 [39]
0.2400 0.4199 �0.5960 �1.0950 1.1530 1.8440 [39]

b Water is the reference component.

2 Component in bold is the reference component.
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outlined by Taylor and Krishna [11]. Inherently, such D will
meet all the restrictions outlined above; hence, the importance of
establishing the proper restrictions on multicomponent diffusion
coefficients.

3.1. Negative diagonal elements of Fickian diffusion coefficients matrix

Section 2.3 shows that for thermodynamically stable mixtures,
the elements of F can be of either sign, which implies that there
is no restriction on the signs of the D elements. Examination of
the reported D shows that in ternary mixtures, nine data points
from two mixtures are reported with negative diagonal DV
elements: (water + 2-propanol + cyclohexane2) [32]; and, (acetic
acid + chloroform + water) [38,39]. Mixture conditions and DV

ij are
shown in tables 6 and 7. There are no negative Dii values in the re-
ported D for quaternary mixtures.

It is noteworthy that these ternary mixtures with negative DV
11

values have either one or two components that can form hydrogen
bonds such as water and 2-propanol. Moreover, acetic acid can dis-
sociate into ions in aqueous solution. Nonetheless, these negative
DV

11 values are neither an artifact nor a result of the complexity of dif-
fusion in such mixtures; they can be related to non-ideality. In spite
of the negative values of DV

11; jD
V j is positive for all nine data points.

3.2. Complex eigenvalues of Fickian diffusion coefficients matrix

Section 2.4 shows that for thermodynamically stable mixtures
jDj > 0, which implies that the product of the eigenvalues of D is
positive,

Q
ikD;i > 0, but provides no restriction on the individual

kD,i. Our analysis of experimental data shows that it is possible to
have thermodynamically stable mixtures with jDj > 0, but with
complex individual eigenvalues, kD,i. A total of 35 reported data
points have DV with complex eigenvalues; of these, 34 data points
are for ternary mixtures, while one data point is for a quaternary
mixture. Tables 8–10 present reported mixture conditions and
DV

ij [19–24,31,34–36,42,64,84], and calculated kD,i for ternary mix-
tures whose DV have complex eigenvalues. Similarly, reported mix-
ture conditions and DV

ij [132], and calculated kD,i for one quaternary
mixture whose DV has complex eigenvalues are shown in table 11.

It can be observed in tables 8–10 that kD,i are complex conju-
gates where, on average, the imaginary part is small compared to
the real part. The uncertainty — whenever reported — in DV

ij does
affect the eigenvalues; however, several of the data points have



TABLE 8
Ternary mixtures with all organic components whose D have complex eigenvalues.

Mixture x1 x2 T/K DV
11 DV

12 DV
21 DV

22
kD,1,2/(m2 � s�1) Ref

p = 0.1 MPa, Dij � 109 (m2 � s�1)

Toluene(1), chlorobenzene(2), bromobenzeneb 0.7000 0.1500 302.75 2.1320 0.0510 �0.0710 2.0620 2.0970 ± 0.0489i [19]
0.1500 0.7000 302.75 1.8530 0.0490 �0.0680 1.8410 1.8470 ± 0.0574i [19]

Acetone(1), benzene(2), carbon tetrachloride 0.1497 0.6984 298.15 1.9610 0.0130 �0.1490 1.9290 1.9450 ± 0.0410i [20]
0.0933 0.8967 298.15 3.1105 0.5500 �0.7800 1.8600 2.4825 ± 0.2037i [20]

Acetonitrile(1), benzene(2), n-heptane 0.0628 0.2048 298.15 3.1210 �0.2910 0.8630 3.6130 3.3670 ± 0.4366i [21]

2,2-Dichloropropane(1), 1,1,1-trichloroethane(2), carbon
tetrachloride

0.2854 0.3515 298.15 1.4720 �0.0280 0.0220 1.5140 1.4930 ± 0.0132i [24]
0.1010 0.1520 308.15 1.6400 �0.0700 0.0300 1.6600 1.6500 ± 0.0447i [24]

b Component in bold is the reference component.

TABLE 9
Ternary mixtures with at least one alcohol component whose D have complex eigenvalues.

Mixture x1 x2 T/K DV
11 DV

12 DV
21 DV

22
kD,1,2/(m2 � s�1) Reference

p = 0.1 MPa, Dij � 109 m2 � s�1

Cyclohexane(1), toluene(2), methanolb 0.1001 0.0499 298.15 1.2113 0.4131 �0.3024 1.9176 1.5645 ± 0.0144i [31]

Acetone(1), benzene(2), methanol 0.7660 0.1140 298.15 4.4000 0.9210 �0.8340 2.6800 3.5400 ± 0.1689i [23]

2-Propanol(1), glycerol(2), water 0.0930 0.8140 323.15 0.3858 �0.0591 0.3513 0.5150 0.4504 ± 0.1288i [34]
0.7387 0.1000 323.15 0.9398 0.8674 �0.0981 0.7867 0.8633 ± 0.2815i [34]

Acetone(1), water(2), 1-propanol 0.4000 0.2000 298.15 1.5662 0.0192 �0.2513 1.4278 1.4970 ± 0.0060i [35]

Methanol(1), 1-butanol(2), 1-propanol 0.0500 0.9000 298.15 0.3656 0.0102 �0.2785 0.4720 0.4188 ± 0.0032i [35]

1-Propanol(1), glycine(2), water 0.0382 0.1145 298.15 1.0530 �0.0160 0.0010 1.0570 1.0550 ± 0.0035i [36]
0.0763 0.0763 298.15 1.0540 �0.0400 0.0010 1.0650 1.0590 ± 0.0020i [36]
0.1145 0.0382 298.15 1.0590 �0.0170 0.0010 1.0600 1.0595 ± 0.0041i [36]

1-Propanol(1), 2-propanol(2), water 0.0382 0.1145 298.15 1.0590 �0.0220 0.0010 1.0520 1.0525 ± 0.0047i [36]
0.0763 0.0763 298.15 1.0530 �0.0110 0.0060 1.0400 1.0470 ± 0.0041i [36]
0.1145 0.0382 298.15 1.0540 �0.0070 0.0120 1.0320 1.0410 ± 0.0017i [36]

b Component in bold is the reference component.

TABLE 10
Ternary mixtures with water and at least one organic component whose D have complex eigenvalues.

Mixture x1 x2 T/K DV
11 DV

12 DV
21 DV

22
kD,1,2/(m2 � s�1) Reference

p = 0.1 MPa, Dij � 109/(m2 � s�1)

Glycerol(1), acetone(2), waterb 0.0025 0.8974 298.15 2.1333 �0.1008 1.4961 2.9090 2.5216 ± 0.0055i [40]
0.0050 0.6946 298.15 1.0903 �0.0427 0.0022 1.1095 1.0999 ± 0.0013i [40]
0.0050 0.6946 298.15 1.0661 �0.0634 0.0102 1.1096 1.0842 ± 0.0012i [40]
0.0030 0.5770 298.15 0.9977 �0.0077 0.2962 0.9022 0.9499 ± 0.0008i [41]

Diethanolamine(1), N-methyldiethanolamine(2), water 0.0420 0.0252 303.20 0.2330 �0.1420 0.0430 0.3890 0.3110 ± 0.0047i [64]
0.0168 0.0504 313.20 0.2720 �0.0410 0.1290 0.4170 0.3445 ± 0.0057i [64]
0.0252 0.0420 313.20 0.2890 �0.0500 0.1160 0.4410 0.3650 ± 0.0049i [64]
0.0252 0.0420 323.20 0.4780 �0.1450 0.0150 0.5710 0.5250 ± 0.0036i [64]

Diethylene glycol(1), lithium chloride(2), water 0.0216 0.0180 303.20 0.8400 0.2560 �0.0660 0.8510 0.8455 ± 0.1299i [84]
0.0216 0.0180 308.20 0.9130 0.3400 �0.0700 1.0280 0.9705 ± 0.1432i [84]
0.0198 0.0495 303.20 0.6680 0.1070 �0.1860 0.9360 0.8020 ± 0.0441i [84]
0.0301 0.0251 303.20 0.7240 0.2970 �0.0390 0.8010 0.7625 ± 0.1005i [84]
0.0198 0.0495 308.20 0.6920 0.1270 �0.1980 0.9670 0.8295 ± 0.0790i [84]

Mannitol(1), tetraethylene glycol(2), water 0.0010 0.0030 298.15 0.6600 �0.0010 0.0110 0.6640 0.6620 ± 0.0026i [36]
0.0030 0.0010 298.15 0.6590 �0.0010 0.0150 0.665 0.6620 ± 0.0024i [36]

b Component in bold is the reference component.
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complex kD,i throughout the range of possible DV
ij within the re-

ported accuracy. Nonetheless, the product of these complex eigen-
values for all 35 data points is positive; thus, jDj > 0.

4. Conclusions

We have shown that the form of multicomponent Fickian diffu-
sion coefficients matrix, D, is dictated by two contributing param-
eters: phenomenological coefficients (Lli); and thermodynamic
factors (Fkj � ð@ ln fk=@xjÞT;p;�xj

). Invoking postulates of irreversible
thermodynamics and using linear algebra theorems, L is a symmet-
ric matrix with all positive eigenvalues, a positive determinant,
and positive diagonal elements. On the contrary, F does not ascribe
itself to any apparent form; its elements (including diagonal ele-
ments) can be of either sign. However, thermodynamic stability
analysis requires the determinant of thermodynamic factors



TABLE 11
Quaternary mixture of dodecyl trimethyl ammonium bromide (DTAB, 0.03 mol�L�1),
sodium octanoate (NaOct, 0.01 mol � L�1), sodium bromide (NaBr), and water whose D
has complex eigenvalues [132]. Dij and kD,i are given in 109 m2 � s�1.

DTAB(1), NaOct(2), NaBr(3), and waterb

T = 298.15 K, p = 0.1 MPa

DV
11

0.3300

DV
12

�0.2400

DV
13

0.0900

DV
21

0.0300

DV
22

0.2000

DV
23

0.0500

DV
31

0.1000

DV
32

1.0100

DV
33

1.3400

kD,1 1.3918
kD,2,3 0.2391 ± 0.0336i

b Water is the reference component.
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matrix, jFj, to be positive. Conclusively, the determinant of multi-
component Fickian diffusion coefficients matrix, jDj, is positive
for thermodynamically stable mixtures.

Using the well-established multicomponent diffusion frame-
work, we demonstrate that CO2-rich and N2-rich petroleum fluids
— mixtures that are thermodynamically stable and not in the vicin-
ity of the critical point — have a negative main-term diffusion coef-
ficient that could impact diffusion flux. Moreover, comprehensive
literature survey and analysis of experimental data shows that
there are 44 data points (�5% of reported D) that are not in line
with previously established theoretical restrictions imposed on D.
The determinant of D, for all the multicomponent fluids considered
TABLE A-1
Critical temperatures (Tc), critical pressures (pc), acentric factors (x), volume translation pa
from the PR-EOS; and diffusion volume increments ðRv Þ, and viscosities (l) used to calcu

Tc/K pc/MPa x b

N2 126.21 3.39 0.0390 �0.2
CO2 304.14 7.38 0.2390 �0.1
H2S 373.20 8.94 0.0810 �0.2
C1 190.56 4.60 0.0110 �0.1
C2 305.32 4.87 0.0990 �0.1
C3 369.83 4.25 0.1530 �0.0
C4 425.12 3.80 0.1990 �0.0
C5 469.70 3.37 0.2510 �0.0
C6 507.40 3.01 0.2960 �0.0
C7 542.61 3.04 0.4027 �0.0
C8 571.85 2.85 0.4734 0.0
C9 595.71 2.67 0.5381 0.0
C10 617.63 2.48 0.6037 0.0
C11+ 916.13 0.69 1.1279 0.4

TABLE A-2
Binary interaction coefficients used to calculate properties of the CO2-rich fluid from the P

N2 CO2 H2S C1 C2 C3 C4

N2 0.000 0.000 0.000 0.100 0.100 0.100 0.100
CO2 0.000 0.000 0.000 0.150 0.150 0.150 0.150
H2S 0.000 0.000 0.000 0.100 0.100 0.100 0.100
C1 0.100 0.150 0.100 0.000 0.034 0.036 0.038
C2 0.100 0.150 0.100 0.034 0.000 0.000 0.000
C3 0.100 0.150 0.100 0.036 0.000 0.000 0.000
C4 0.100 0.150 0.100 0.038 0.000 0.000 0.000
C5 0.100 0.150 0.100 0.041 0.000 0.000 0.000
C6 0.100 0.150 0.100 0.043 0.000 0.000 0.000
C7 0.100 0.150 0.100 0.045 0.000 0.000 0.000
C8 0.100 0.150 0.100 0.048 0.000 0.000 0.000
C9 0.100 0.150 0.100 0.050 0.000 0.000 0.000
C10 0.100 0.150 0.100 0.052 0.000 0.000 0.000
C11+ 0.100 0.300 0.100 0.075 0.000 0.000 0.000
— reported for n = 3 and n = 4, and computed based on irreversible
thermodynamics for n = 14 — is consistently positive. This is the
case in spite of negative diagonal elements and complex eigen-
values of the diffusion coefficients matrix, and is the expected re-
sult for thermodynamically stable mixtures.

In conclusion, we emphasize that negative diagonal elements of
the diffusion coefficients matrix, D, do not violate thermodynamic
stability. In fact, they are a direct consequence of the nature of non-
ideality in a mixture. Complex eigenvalues, with positive real parts,
also exist in multicomponent molecular diffusion coefficients. Ulti-
mately, the restriction on D that holds for multicomponent diffu-
sion systems is that the determinant, jDj, is positive.
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Appendix A. Petroleum fluid characterization parameters

Fluid characterization parameters used to calculate phase prop-
erties from the PR-EOS, and diffusion volume increments and vis-
cosities used to calculate diffusion coefficients are provided in
table A-1 for the CO2 - rich fluid. The binary interaction coefficients
needed for the PR-EOS are provided in table A-2 for the CO2-rich
fluid. Similar parameters for the N2-rich fluid are provided in tables
A-3 and A-4.
rameters (b), and molecular masses (M) used to calculate properties of CO2-rich fluid
late diffusion coefficients.

M/(g �mol�1) Rv l/(Pa � s)

885 28.0 18.50 2.3943 � 10�5

768 44.0 26.90 2.4876 � 10�5

388 34.1 27.52 4.6288 � 10�5

540 16.0 25.14 1.6456 � 10�5

002 30.1 45.66 2.3639 � 10�5

850 44.1 66.18 5.4296 � 10�5

641 58.1 86.70 8.9695 � 10�5

418 72.2 107.22 1.3426 � 10�4

148 86.2 127.74 1.8545 � 10�4

056 100.0 148.26 2.1856 � 10�4

211 114.0 168.78 2.6575 � 10�4

440 128.0 189.30 3.2337 � 10�4

642 142.0 209.82 3.9286 � 10�4

150 531.0 796.50 3.7669 � 10�2

R-EOS.

C5 C6 C7 C8 C9 C10 C11+

0.100 0.100 0.100 0.100 0.100 0.100 0.100
0.150 0.150 0.150 0.150 0.150 0.150 0.300
0.100 0.100 0.100 0.100 0.100 0.100 0.100
0.041 0.043 0.045 0.048 0.050 0.052 0.075
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000



TABLE A-3
Critical temperatures (Tc), critical pressures (pc), acentric factors (x), volume translation parameters (b), and molecular masses (M) used to calculate properties of the N2-rich fluid
from the PR-EOS; and diffusion volume increments ðRv Þ, and viscosities (l) used to calculate diffusion coefficients.

Tc/K pc/MPa x b M/(g �mol�1) Rv l/Pa � s

N2 126.21 3.39 0.0390 �0.2885 28.0 18.50 2.3943 � 10�5

CO2 304.14 7.38 0.2390 �0.1768 44.0 26.90 2.4876 � 10�5

H2S 373.20 8.94 0.0810 �0.2388 34.1 27.52 4.6288 � 10�5

C1 190.56 4.60 0.0110 �0.1540 16.0 25.14 1.6456 � 10�5

C2 305.32 4.87 0.0990 �0.1002 30.1 45.66 2.3639 � 10�5

C3 369.83 4.25 0.1530 �0.0850 44.1 66.18 5.4296 � 10�5

C4 425.12 3.80 0.1990 �0.0641 58.1 86.70 8.9695 � 10�5

C5 469.70 3.37 0.2510 �0.0418 72.2 107.22 1.3426 � 10�4

C6 507.40 3.01 0.2960 �0.0148 86.2 127.74 1.8545 � 10�4

C7 556.48 2.68 0.2940 0.0247 100.0 148.26 2.1856 � 10�4

C8 574.76 2.52 0.4180 0.0478 114.0 168.78 2.6575 � 10�4

C9 593.07 2.33 0.4910 0.0667 128.0 189.30 3.2337 � 10�4

C10 617.07 2.16 0.5340 0.0851 142.0 209.82 3.9286 � 10�4

C11+ 916.63 0.74 1.0490 0.4240 493.0 796.50 3.7669 � 10�2

TABLE A-4
Binary interaction coefficients used to calculate properties of the N2-rich fluid from the PR-EOS.

N2 CO2 H2S C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11+

N2 0.000 0.000 0.000 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100
CO2 0.000 0.000 0.000 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.150 0.239
H2S 0.000 0.000 0.000 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100 0.100
C1 0.100 0.150 0.100 0.000 0.034 0.036 0.038 0.041 0.043 0.045 0.048 0.050 0.052 0.075
C2 0.100 0.150 0.100 0.034 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
C3 0.100 0.150 0.100 0.036 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
C4 0.100 0.150 0.100 0.038 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
C5 0.100 0.150 0.100 0.041 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
C6 0.100 0.150 0.100 0.043 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
C7 0.100 0.150 0.100 0.045 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
C8 0.100 0.150 0.100 0.048 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
C9 0.100 0.150 0.100 0.050 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
C10 0.100 0.150 0.100 0.052 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
C11+ 0.100 0.239 0.100 0.075 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
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Appendix B. Binary diffusion coefficients

Infinite dilution, D1ij , and Maxwell–Stefan, }ij, diffusion coeffi-
cients for the CO2-rich and N2-rich petroleum fluids are provided
in tables B-1 to B-4, respectively.

Appendix C. Literature restrictions on D

According to Taylor and Krishna [11], the condition for real and
positive eigenvalues of DM in a ternary mixture can be expressed in
terms of the trace, the determinant, and the discriminant of the
determinantal polynomial:
TABLE B-1
Infinite dilution diffusion coefficients, D1ij � 109 m2 � s�1, for the CO2-rich fluid.

N2 CO2 H2S C1 C2 C3 C

T = 394.0 K, p =

N2 0.0 134.7 55.8 242.7 96.6 42.4 29
CO2 196.5 0.0 46.2 199.6 79.4 35.7 24
H2S 202.3 110.6 0.0 200.1 81.2 37.3 26
C1 253.6 143.5 58.8 0.0 99.4 45.7 32
C2 176.8 97.9 41.8 173.3 0.0 33.1 23
C3 144.3 78.7 34.4 145.7 59.6 0.0 19
C4 125.6 67.7 30.1 129.2 52.4 24.0 0
C5 113.4 60.5 27.3 118.1 47.6 21.8 15
C6 104.6 55.4 25.4 109.9 44.2 20.2 14
C7 97.0 51.0 23.6 102.9 41.3 18.8 13
C8 91.5 47.8 22.4 97.7 39.1 17.8 12
C9 87.0 45.3 21.4 93.4 37.3 17.0 11
C10 83.4 43.2 20.6 89.8 35.8 16.3 11
C11+ 65.9 31.2 19.2 69.5 26.1 12.1 8
D11 þ D22 > 0;
D11D22 � D12D21 > 0;

ðD11 � D22Þ2 þ 4D12D21 > 0;

ðC-1Þ

and with recourse to kinetic theory of gases, the main term diffu-
sion coefficients, D11 and D22, are positive:

D11 > 0;
D22 > 0:

ðC-2Þ

For an n-component mixture, equations (C-1) and (C-2) can be
generalized as,
4 C5 C6 C7 C8 C9 C10 C11+

13.56 MPa

.2 23.4 19.8 16.1 13.8 12.0 10.5 0.5

.9 20.1 17.1 13.8 11.8 10.3 9.0 0.4

.3 21.5 18.5 15.1 13.1 11.5 10.1 0.5

.3 26.4 22.8 18.6 16.2 14.2 12.5 0.6

.4 19.1 16.5 13.5 11.7 10.2 9.0 0.5

.3 15.7 13.5 11.0 9.5 8.3 7.3 0.4

.0 13.7 11.7 9.5 8.2 7.1 6.2 0.3

.2 0.0 10.5 8.5 7.3 6.3 5.5 0.2

.1 11.3 0.0 7.7 6.6 5.7 5.0 0.2

.1 10.5 8.9 0.0 6.0 5.2 4.5 0.2

.4 9.9 8.3 6.6 0.0 4.8 4.1 0.1

.7 9.4 7.9 6.2 5.2 0.0 3.8 0.1

.2 8.9 7.5 5.9 4.9 4.2 0.0 0.1

.1 6.1 4.9 3.6 2.9 2.3 1.9 0.0



TABLE B-2
Maxwell–Stefan diffusion coefficients, }ij � 109 m2 � s�1, for the CO2-rich fluid.

N2 (0.00265), CO2 (0.73787), H2S (0.00925), C1 (0.11917), C2 (0.03804), C3 (0.03287), C4 (0.02825),
C5 (0.01371), C6 (0.00875), C7 (0.00362), C8 (0.00283), C9 (0.00188), C10 (0.00112), C11+ (0.00001),

T = 394.0 K, p = 13.56 MPa

N2 CO2 H2S C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11+

N2 0.0 119.8 111.9 126.4 105.7 95.3 88.7 83.7 80.1 76.9 74.5 72.5 70.9 60.5
CO2 119.8 0.0 101.5 124.9 91.4 76.1 67.1 60.8 56.4 52.5 49.7 47.4 45.5 34.5
H2S 111.9 101.5 0.0 114.0 95.9 86.6 80.6 76.1 72.8 69.9 67.7 65.9 64.4 54.9
C1 126.4 124.9 114.0 0.0 106.7 95.4 88.1 82.7 78.8 75.3 72.8 70.7 68.9 57.9
C2 105.7 91.4 95.9 106.7 0.0 81.0 75.3 71.1 68.0 65.2 63.1 61.4 60.0 50.9
C3 95.3 76.1 86.6 95.4 81.0 0.0 67.9 64.2 61.4 59.0 57.1 55.6 54.2 46.1
C4 88.7 67.1 80.6 88.1 75.3 67.9 0.0 59.8 57.3 55.0 53.3 51.8 50.6 43.0
C5 83.7 60.8 76.1 82.7 71.1 64.2 59.8 0.0 54.3 52.2 50.6 49.2 48.1 41.0
C6 80.1 56.4 72.8 78.8 68.0 61.4 57.3 54.3 0.0 50.1 48.5 47.2 46.1 39.3
C7 76.9 52.5 69.9 75.3 65.2 59.0 55.0 52.2 50.1 0.0 46.7 45.4 44.4 37.9
C8 74.5 49.7 67.7 72.8 63.1 57.1 53.3 50.6 48.5 46.7 0.0 44.0 43.0 36.7
C9 72.5 47.4 65.9 70.7 61.4 55.6 51.8 49.2 47.2 45.4 44.0 0.0 41.9 35.8
C10 70.9 45.5 64.4 68.9 60.0 54.2 50.6 48.1 46.1 44.4 43.0 41.9 0.0 35.0
C11+ 60.5 34.5 54.9 57.9 50.9 46.1 43.0 41.0 39.3 37.9 36.7 35.8 35.0 0.0

TABLE B-3
Infinite dilution diffusion coefficients, D1ij � 109 m2 � s�1, for the N2-rich fluid.

N2 CO2 H2S C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11+

T = 394.0 K, p = 15.89 MPa

N2 0.0 111.7 48.1 207.8 82.8 40.3 28.6 23.1 19.6 18.2 15.2 13.3 11.9 0.5
CO2 170.0 0.0 39.8 171.0 68.1 33.9 24.3 19.8 16.9 15.8 13.1 11.5 10.3 0.4
H2S 175.0 91.7 0.0 171.3 69.6 35.3 25.7 21.2 18.3 17.1 14.4 12.7 11.5 0.6
C1 219.4 119.0 50.7 0.0 85.2 43.3 31.6 26.0 22.4 20.9 17.6 15.6 14.0 0.6
C2 152.9 81.2 36.0 148.4 0.0 31.4 22.9 18.9 16.3 15.2 12.8 11.3 10.2 0.5
C3 124.9 65.2 29.6 124.8 51.0 0.0 18.9 15.5 13.3 12.5 10.4 9.2 8.2 0.4
C4 108.7 56.1 26.0 110.6 44.9 22.8 0.0 13.5 11.6 10.8 9.0 7.9 7.1 0.3
C5 98.1 50.1 23.6 101.1 40.8 20.7 14.9 0.0 10.4 9.7 8.0 7.0 6.3 0.3
C6 90.5 45.9 21.9 94.1 37.9 19.1 13.8 11.2 0.0 8.9 7.3 6.4 5.7 0.2
C7 85.1 42.9 20.7 89.0 35.7 18.1 13.0 10.5 8.9 0.0 6.8 5.9 5.3 0.2
C8 80.2 40.1 19.6 84.4 33.8 17.1 12.2 9.8 8.3 7.7 0.0 5.4 4.8 0.2
C9 76.4 38.0 18.7 80.8 32.2 16.3 11.6 9.3 7.9 7.3 5.9 0.0 4.5 0.1
C10 73.4 36.3 18.1 77.8 31.0 15.7 11.1 8.9 7.5 6.9 5.6 4.8 0.0 0.1
C11+ 55.1 25.2 15.8 57.7 21.9 11.2 7.8 6.0 4.8 4.3 3.2 2.6 2.2 0.0

TABLE B-4
Maxwell–Stefan diffusion coefficients, }ij � 109 m2 � s�1, for the N2-rich fluid.

N2 (0.70796), CO2 (0.01713), H2S (0.00583), C1 (0.18811), C2 (0.03139), C3 (0.01876), C4 (0.01531),
C5 (0.00646), C6 (0.00328), C7 (0.00148), C8 (0.00148), C9 (0.00178), C10 (0.00103), C11+ (0.000001),

T = 394.0 K, p = 15.89 MPa

N2 CO2 H2S C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11+

N2 0.0 151.7 155.0 187.2 138.7 116.9 104.1 95.2 88.9 84.4 80.2 77.0 74.4 57.9
CO2 151.7 0.0 149.1 163.7 139.5 126.3 118.0 111.9 107.4 104.2 101.1 98.7 96.7 83.1
H2S 155.0 149.1 0.0 165.5 141.4 128.2 119.8 113.8 109.3 106.0 102.9 100.4 98.4 84.8
C1 187.2 163.7 165.5 0.0 153.3 136.7 126.3 118.8 113.4 109.4 105.7 102.8 100.4 84.1
C2 138.7 139.5 141.4 153.3 0.0 119.4 111.5 105.8 101.5 98.4 95.4 93.1 91.2 78.2
C3 116.9 126.3 128.2 136.7 119.4 0.0 101.3 96.2 92.4 89.6 87.0 84.9 83.2 71.5
C4 104.1 118.0 119.8 126.3 111.5 101.3 0.0 90.0 86.5 83.9 81.4 79.5 77.9 67.0
C5 95.2 111.9 113.8 118.8 105.8 96.2 90.0 0.0 82.3 79.9 77.6 75.7 74.2 63.9
C6 88.9 107.4 109.3 113.4 101.5 92.4 86.5 82.3 0.0 76.8 74.6 72.8 71.4 61.5
C7 84.4 104.2 106.0 109.4 98.4 89.6 83.9 79.9 76.8 0.0 72.4 70.7 69.3 59.7
C8 80.2 101.1 102.9 105.7 95.4 87.0 81.4 77.6 74.6 72.4 0.0 68.6 67.3 58.0
C9 77.0 98.7 100.4 102.8 93.1 84.9 79.5 75.7 72.8 70.7 68.6 0.0 65.7 56.6
C10 74.4 96.7 98.4 100.4 91.2 83.2 77.9 74.2 71.4 69.3 67.3 65.7 0.0 55.5
C11+ 57.9 83.1 84.8 84.1 78.2 71.5 67.0 63.9 61.5 59.7 58.0 56.6 55.5 0.0
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i

Dii > 0;

jDj > 0;

X
i

Dii

 !2

� 4jDj > 0;

i ¼ 1; . . . ;n� 1;

ðC-3Þ
and
Dii > 0; i ¼ 1; . . . ;n� 1; ðC-4Þ
respectively.
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Appendix D. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.jct.2011.03.003.
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