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Non-planar fractures are often created in hydraulic fracturing. These irregular shape 
fractures may reduce the penetration into the formation; they may also improve the 
reservoir reach. Accurate flow simulation of two-phase compositional flows in domains 
with complex non-planar fractures is beyond the capabilities of current numerical models. 
In this work we present a higher-order numerical model for compositional two-phase flow 
in a domain with non-planar fractures. Fully unstructured gridding in 3D is a natural 
choice for description of geometry with irregular fracture shapes. We apply the concept 
of fracture cross-flow equilibrium (FCFE) in simulations of porous media flows with non-
planar fractures. FCFE allows accurate flow and composition calculations at low CPU cost. 
Our implementation is in the context of the hybridized form of the mass conservative 
mixed finite element (MFE) and the higher-order discontinuous Galerkin (DG) method. In 
this work we introduce a simple and effective approach for design of non-planar fractures 
through the mesh interface that connects computer-aided-design (CAD) software to the 
mesh generator. In our algorithm we can simulate all ranges of fracture permeability 
accurately as opposed to other approaches where low permeability fractures affect the 
accuracy.

© 2019 Published by Elsevier Inc.

Introduction

Exploitation of unconventional hydrocarbon resources including shale and tight sand formations depends on fracking. 
The hydraulic fractures improve the well productivity in tight formations and provide economic production rates [38].

Fracture stimulation in tight formations produces a complex facture network [21,32]. The complexity of fracture networks 
is influenced by subsurface geomechanics, in particular the in-situ stress, and the fracturing fluid [32,44]. By advanced 
technologies such as microseismic monitoring, strain sensing and fiber optics, it has been shown that fractures grow and 
develop in different ways [28,19].

Some authors have argued that most hydraulic fractures tend to have non-planar geometries [23,9,39,24,34,8,36,37]. 
Non-planar fractures cannot be described in a flat plane in 3D. At elevated in-situ stresses, fractures grow in planar surfaces. 
However, at low in-situ stresses fractures may grow apart and non-planar fractures may develop when the distance between 
fractures reduces [24]. When the wellbore is aligned with the plane of the preferred fracture direction, a planar fracture 
propagates parallel to the maximum horizontal compressive stress. On the other hand, when the wellbore is not aligned 
with the principal stress plane, the fracture will tend to become perpendicular to the minimum horizontal stress since this 
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requires the least energy for fracture propagation; the result is a non-planar propagation path and S-shaped propagation 
trajectories [23]. Fracture configurations according to recent laboratory experiments [45] can be divided into three different 
categories, single flat fractures, multiple-parallel fractures, and spiral shape fractures.

Experiments in the laboratory on fracturing are the main method to investigate fracture initiation and propagation. Zhou 
et al. [47,48] studied the fracture propagation using supercritical CO2. Li et al. [16] studied the effect of different fracturing 
fluids on fracture formation. Van de Ketterij and Pater [29] studied the effect of different perforation angles on fracture 
initiation at a well deviation of 45◦ . Ispas et al. [15] studied the effect of different deviation angles on fracture propagation 
but neglected the perforation angles. Later, the effects of different deviation and perforation angles on fracture geometry 
was investigated by Zhu et al. [50]. Weng [35] examined the turning and twisting shapes of non-planar fractures. In recent 
laboratory experiments by Zhang [45] fracture propagation was investigated in tight formations under different horizon-
tal stress conditions. The three main fracture configurations discussed above were observed. The non-planar spiral shape 
fracture was created at high perforation density. Different studies have revealed a close relationship between perforation 
parameters and fracture geometry [31,29].

In addition to laboratory observations of non-planar fracture propagation and shape, different numerical studies have 
been conducted on the subject. Olson [23] proposed a 2D model to analyze non-planar fracture propagation under different 
boundary conditions. Xu and Wong [38] presented a 3D simulator that describes non-planar fracture growth. Zhang et 
al. [46] studied, by means of microflow simulation, the effect of fracture roughness on the relationship between hydraulic 
and mechanical apertures.

The finite element method (FEM) has been adapted as the main methodology in describing fracture propagation [30,59]. 
Different authors have considered the modeling of fracture propagation using the FEM [5,22,7]; however, to account for fluid 
flow in fractures, these methods require computationally expensive remeshing techniques to simulate the fracture growth 
[25]. Finite element meshes require consistent mesh adaptation to capture the fracture geometry in simulation of hydraulic 
fracturing which increases significantly the simulation cost.

The limitation of the traditional FEM relates to the high computational cost. The cost arises from the need to match 
the fractures to the matrix elements. To account for fracture complexity efficiently, the generalized finite element method 
(GFEM) and the extended finite element method (XFEM) were introduced [11,2,18]. The idea of both methods is to remove 
the physical connection between the fractures and the matrix to alleviate the need for remeshing.

Unlike simulation of fracture initiation and propagation, simulation of fluid flow and species transport in fractured me-
dia containing hydraulic fractures are covered in a limited number of papers. Zhou et al. [49] presented a semi-analytical 
method for production forecast from unconventional reservoirs. The semi-analytical method consists of integrating the un-
steady pressure equation to obtain a semi-analytical spatial and temporal expression for the pressure. The approach can 
be employed to forecast production in unconventional formations in single-phase compressible flow. Cipolla et al. [6] pro-
posed a model for hydrocarbon production forecast from unconventional resources with complex fractures. The simulation 
is based on the unstructured Voronoi grids. This approach imposes a severe restriction on the size of time step due to the 
fine refinement to capture the geometry/shape of the fractures. The model is limited to 2.5D (2.5D refers to pillar type of 
grids as prisms, hexahedra or Voronoi grids) fracture representation. Simulation of twisted fractures may not be feasible 
by this approach. The high computational cost of this type of unstructured grids has motivated various authors to propose 
alternatives. Filho and Sepehrnoori [9] have used the embedded discrete fracture model (EDFM) to simulate compositional 
two-phase flow in hydraulic fractures. The authors justified the use of Cartesian grids in their work because they believed 
the computational cost is high in unstructured grids in the discrete fracture representation. As we will demonstrate in this 
work, a fully unstructured gridding in 3D is the method of choice to model non-planar fractures efficiently without the need 
of grid refinement. The EDFM may overcome the computational limitations of unstructured Voronoi grids. However, because 
the fractures are embedded in a Cartesian grid types, the method may not be used for non-planar fractures with realistic 
twisted shapes. The EDFM representation may only be effective in simple non-planar fracture shapes. Embedding a twisted 
fracture shape in a preexisting domain grids require either non-prismatic type of matrix elements or extreme refinements 
in Cartesian grids to match the fracture meanders, which makes the simulation cost very high.

In this work we present an algorithm based on fully unstructured grids to simulate compositional two-phase flow with 
complex non-planar fractures. We apply the powerful concept of fracture cross-flow equilibrium (FCFE) [12,51,53] to simu-
late flow and species transport in non-planar fractures in 3D unstructured gridding. To avoid the high-computational cost 
of explicit time scheme in small fracture elements due to the Courant-Freidrich-Levy (CFL) condition we use our implicit 
model for compositional two-phase flow [52] in the fractures. The FCFE approach allows the use of large grids near the frac-
tures. The total number of grids is therefore reduced compared to the approaches which are based on Voronoi grid types. 
Avoiding the CFL restriction and eliminating the need for small elements adjacent to the fractures reduce computational 
cost drastically.

The rest of the paper is organized as the following. In the next section we provide a description of the CAD interface 
followed by the differential equations that describe the flow and a brief overview of the numerical discretization. Five nu-
merical examples are presented to demonstrate the efficiency, accuracy and ease of integrating complex non-planar fractures 

in the matrix domain.
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Fig. 1. Non-planar fracture design and mesh.
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Fig. 2. Domain and fracture: Example 1.

Table 1
Relevant data: Example 1.

Parameter Value

Matrix permeability [md] 10
Fracture permeability [md] 105

Porosity [%] 20
Fracture thickness [mm] 2
Temperature [K] 311
Pressure [bar] 69
Injection rate [pv/year] 0.1

CAD interface

Our algorithm includes an interface to the computer-aided-design (CAD) software, and tetgen [27] for generation of 
the unstructured tetrahedrons. The interface allows to design and generate a complicated domain and non-planar fracture 
shapes. The fracture shape is designed in 3D using the tools and features available in the CAD software (Fig. 1a).

In our interface we generate a set of points to describe the 3D fracture shape (Fig. 1b). The density of the points 
depends on the complexity of the fracture shape, and the importance of capturing the complexity in a given simulation. 
The generated set of points are then triangulated to match the faces of unstructured tetrahedrons of the matrix domain 
(Fig. 1c). Tetrahedrons are generated in a way to honor the location of the fractures. The triangulation of tetrahedrons starts 
at the fracture (triangular) elements and then to the rest of the matrix domain. Therefore, the matrix elements are smaller 
near the fractures and are large away from the fractures. Fractures are represented by the interfaces of the matrix elements; 
each fracture element has 2 adjacent matrix elements, unless the fracture is at the boundary of the domain. In this case it 
has one matrix connection.

In our algorithm one could choose to coarsen or refine the fracture elements by keeping the total number of matrix 
elements within the same range. The fracture triangular 2D elements should match the interfaces of the 3D matrix elements. 
Note that the fractures are represented by (n − 1)-D elements in n-D domains. Figs. 1(d-g) show 4 different levels of mesh 
coarsening in the fracture (500 points, 250 points, 150 points and 7 points). The fracture shape is affected by the coarsening 
process; however, depending on the accuracy required, in our interface one can readily adjust the fracture mesh.

Governing equations

For the sake of completeness, we present briefly the main equations that govern the compositional two-phase flow in 

fractured media. Equations in the matrix domain and the fractures are treated separately.
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Fig. 3. Oil recovery in different mesh refinements (mesh a: 2500, mesh b: 5000, mesh c: 10,000, mesh d: 20,000): Example 1. (For interpretation of the 
colors in the figure(s), the reader is referred to the web version of this article.)

Fig. 4. Location of injection and production wells, fracture removed to show location of the wells (a); Gas saturation at 10% (b), 20% (c) and 50% (d) PVI 
with 10,000 element mesh: Example 1.

Matrix domain

The mass transport equations for a component i in an nc-component mixture in two-phase are given by:

φ
∂czi

∂t
+ ∇.

(∑
cαxi,α vα

)
= Fi, i = 1...nc in � × (0, τ ) (1)
α



6 A. Zidane, A. Firoozabadi / Journal of Computational Physics 402 (2020) 108896
Fig. 5. Oil recovery in different mesh refinement (mesh a: 2500, mesh b: 5000, mesh c: 10,000, mesh d: 20,000): Example 2.

Fig. 6. Gas saturation at 10% (a), 20% (b) and 50% (c) PVI with 10,000 element mesh; injection well located at the origin and production at the top diagonally 
opposite corner: Example 2.

and
nc∑

i=1

zi =
nc∑

i=1

xi,α = 1 (2)

where φ denotes the porosity, vα the velocity of phase α, c the overall molar density of the mixture; zi and Fi are the 
overall mole fraction and the sink/source term of component i in the mixture, respectively. cα is the molar density of phase 
α and xi,α is the mole fraction of component i in phase α. � is the computational domain and τ denotes the simulation 
time and nc is the number of components.

The velocity of phase α is given by Darcy’s law:

vα = −Kkrα

μα
(∇p − ραg) = −λαK(∇p − ραg), α = o, g (3)

where K is the absolute permeability tensor, krα , μα and ρα are the relative permeability, dynamic viscosity and mass 
density of phase α respectively, with λα = krα/μα ; p is the pressure and g is the gravitational acceleration. We use the 

method in [17] to describe the phase viscosities.
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Fig. 7. Different fracture shapes used for similar problems as in Examples 1 and 2.

Fig. 8. Domain and mesh (2500 element mesh used in this figure for demonstration); dotted line in the middle represent the well crossing four non-planar 
fractures: Example 3.

Table 2
Oil composition: Example 3.

Component Overall mole fraction

CO2 0.0086
N2 0.0028
C1 0.4451
C2-C3 0.1207
C4-C5 0.0505
C6-C10 0.1328
C11-C24 0.166
C25+ 0.0735
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Fig. 9. Different meshes: Example 3.

Table 3
Relevant data: Example 3.

Property Value

Matrix permeability [md] 100
Porosity [%] 20
Temperature [K] 403.15
Pressure at the bottom [bar] 276
Fracture width [mm] 1
Fracture permeability [md] 106

The total volume balance in the pressure equation is given by [1,33]:

φCt
∂ p

∂t
+

nc∑
i=1

V̄ i∇.

(∑
α

cαxi,α vα

)
=

nc∑
i=1

V̄ i F i (4)

where Ct is the total compressibility and V̄ i is the total partial molar volume of component i [10].
Calculation of phase equilibrium is based on initial guess from stability analysis and the minimum of Gibbs free energy. 

The phase and volumetric behavior and the local thermodynamic equilibrium imply:{
f i,o(T , p, x j,o) = f i,g(T , p, x j,g), i = 1, ..nc; j = 1, ..nc − 1

Z 3
α − (1 − Bα)Z 2

α + (Aα − 3B2
α − 2Bα)Zα − (Aα Bα − B2

α − B3
α) = 0

(5)
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Fig. 10. L2 norm of error in gas saturation: Example 3.

Aα, Bα are the parameters of the Peng-Robinson equation of state (PR-EOS) which depend on pressure, temperature and 
composition of each phase [26].

Fracture network

The mass balance equations in the fracture elements are given by:

φ
∂czi

∂t
+ ∇.

(∑
α

cαxi,α
(

vα − v f r
α

)) = Fi, i = 1...nc (6)

vα is the velocity across the fracture width, and v f r
α is the velocity along the fracture length.

The pressure equation in the fractures is given by:

φCt
∂ p

∂t
+

nc∑
i=1

V̄ i

[
∇.

(∑
α

cαxi,α
(

vα − v f r
α

)) − Fi

]
= 0 (7)

Numerical scheme

The hybridized mixed finite element (MFE) method is used to solve for the flow [14,41,43]. The pressure at the cell 
centers and the traces of pressure at the cell interfaces are evaluated with the MFE method which leads to accurate flux 
calculation in unstructured gridding [20,12,40,42,56–58,54,55]. In the fractures we use the finite volume (FV) discretization 
method, and in the matrix domain we use the discontinuous Galerkin method (DG) to solve for the mass balance equations. 
DG is a method of choice to capture the discontinuities in phase composition at the element interfaces.

The fluxes are evaluated at the interfaces of all FE as follows:

qK ,E = αK ,E pK −
∑

E ′∈∂ K

βK ,E,E ′tpK ,E ′ − γK ,E (8)

The coefficients αK ,E , βK ,E,E ′ and γK ,E depend on the geometry of the element; details of the MFE formulation can be 
found in [4,3].

The FV integration of the pressure equation in the matrix domain gives:

φ|K |Ct
�p

�t
+

nc∑
i=1

V̄ i,K

[∑
α

∑
E∈∂ K

∫
E

cαxi,α fα(v + Gα).nE − Fi,K

]
= 0 (9)
In the fracture network we get:
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Fig. 11. Perspective view (a) and XY (b), XZ (c) and YZ (d) projections of fracture F1: Example 4.

φCt |k|�p

�t
+

nc∑
i=1

V̄ i,k

[∑
e

∫
e

∑
α

cαxi,α fα(v + Gα).ne −
∑

Ei

∫
Ei

∑
α

cαxi,α v f r
α .nEi − |k|Fi

]
= 0 (10)

The DG discretization of the mass balance equations in the matrix domain and the FV discretization in the fracture network 
are given in the following two equations, respectively:

∫
K

φ
∂czi

∂t
ϕK , j +

∑
E

∫
E

∑
α

(cαxi,α vα)nEϕK , j −
∫
K

∑
α

(cαxi,α vα)∇ϕK , j =
∫
K

FiϕK , j (11)

φ|k| czn+1
i,k − czn

i,k

�t
+

∑
α

(∑
e∈∂k

(
cαxi,α

n+1qα,k,e
) − Q

f r
α,i

)
= |k|Fi (12)

More details of the term Q
f r
α,i that represent the exchange flux of component i in phase α between the fracture and the 
adjacent matrix elements are given in [53]. All the symbols are defined in the nomenclature. To remove the non-physical 
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Fig. 12. Different fracture shapes F1 (a), F2 (b) and F3 (c) shown in a 5,000 elements mesh: Example 4.

oscillations of higher-order method, we apply a multidimensional slope limiter to reconstruct the solution over the simula-
tion domain [13]. The time step selection is based on the CFL condition in the matrix domain. The implicit scheme in the 
fractures allows to avoid the severe CFL restriction in small fracture elements.

In the formulation in this work we neglect capillary pressure and physical diffusion.

Examples

We present five numerical examples where the number of components in the petroleum fluid varies from 2 to 8. We use 
quadratic function of saturation for relative permeabilities in all runs.

Example 1: mesh dependency

Under complex stress conditions, fractures could propagate in 3D non-predefined paths [25]. As a result, non-planar 
fractures and cracks are created. Paul et al. [25] studied the fractures propagation under different stress conditions. In this 
example we simulate a non-planar fracture shape similar to [25]. The fracture shape in [25] is developed inside a block 
exposed to a horizontal stress in one direction. We consider the domain of 300 × 150 × 200 m3 size. The domain and the 
fracture are shown in Fig. 2. We inject methane into a formation saturated with propane. Injection is performed at one 
corner and production at constant pressure at the opposite corner. Relevant data of the problem are given in Table 1. To 
study the effect of mesh dependency we consider 4 different mesh refinements of 2500, 5000, 10000 and 20000 elements 

that we denote by mesh: a, b, c and d, respectively. The oil recovery in four meshes gives a good agreement in production 
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Fig. 13. Relative L2 norm of error in gas saturation for three different fracture shapes: Example 4.

Table 4
Order of convergence (OC) in different 
fracture shapes: Example 4.

Fracture p(OOC)

F1 0.66
F2 0.74
F3 0.77

profiles even for a relatively coarse mesh of 2500 for such a 3D complex system (Fig. 3). For reference we show the gas 
saturation at different pore volume injections (PVI) in Fig. 4.

Example 2: impermeable fault

One advantage of our algorithm compared to other approaches is the ease of simulation of all range of fracture perme-
ability values. The fractures in our model are represented by the interfaces of matrix finite elements. This allows to readily 
assign zero permeability for some fractures; making the elements as impermeable faults. We consider in this example the 
same properties as in Example 1 except the fracture permeability is set to zero. We compare the oil recovery with different 
mesh refinements (same meshes as in Example 1), and as shown in Fig. 5 a good agreement is observed. The agreement in 
oil recovery for all meshes is better than in Example 1 since the elements belonging to the faults do not contribute to flow. 
The flow is therefore numerically updated through the higher-order scheme in the matrix elements only. For reference we 
show the gas saturation at different PVI in Fig. 6.

We have also simulated the same problem with a non-planar fracture and an impermeable fault (Examples 1 and 2) with 
different shapes (see Fig. 7). Results for those runs are not shown for the sake of brevity. They are consistent with what we 
observe in Figs. 3 and 5 revealing the accuracy of our algorithm.

Example 3: horizontal well

Fracture growth is affected by the in-situ compressive stress and the fluid pressure. Xu and Wong [38] proposed a 3D 
model for growth of hydraulic fractures. In their work they reported the formation and growth of four non-planar fractures 
in a domain with one horizontal well. We consider a similar example as in [38]. We have designed four non-planar fractures 
with one horizontal well in a 600 × 650 × 400 m3 domain (Fig. 8).

CO2 is injected through the horizontal well into a matrix saturated with an 8-component oil and production is at constant 
pressure at the top two opposite corners of the domain. The oil composition is shown in Table 2, and the relevant data of 
the problem are provided in Table 3.

We evaluate the relative L2 norm of error in gas saturation in 3 different meshes of 5,000, 10,000, and 15,000 elements, 
respectively; a more refined mesh of 25,000 elements is used as a reference solution mesh. The four different meshes are 

shown in Fig. 9.
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Fig. 14. Location of injection and production wells, fracture is removed for clarity (a); Gas saturation at 10% (b), 20% (c), 30% (d) PVI in the 10,000-element 
mesh: Example 4.

The error in gas saturation reduces from 8% in a relatively coarse mesh to less than 4% for the 15,000 element mesh as 
shown in Fig. 10. This demonstrates the convergence in our model without an excessive mesh refinement.

Example 4: fracture shape and algorithm accuracy

We study the effect of fracture shape on relative L2 norm of error. We consider a cubic domain of 400 m side length 
in three different scenarios. In each of the three scenarios a different fracture shape is designed. The first fracture shape 
is motivated from the experimental work of Zhu et al. [50] in hydraulic fracturing. The fracture shape (denoted by F1) is 
shown in Fig. 11. The two other fracture shapes (quadrangular shape in 3D, denoted by F2 and circular shape, denoted by 
F3) are shown in Fig. 12 with the corresponding mesh discretization. The properties of the domain and the oil are the same 
as in Example 3. CO2 is injected at one corner and production is from the opposite corner of the domain. To compare the 
error for the three scenarios, we have placed the fractures in the middle of the domain; all three fractures have the same 
surface area. Therefore, the error difference is strictly related to the fracture shape. The L2 norm of error in gas saturation is 
calculated at different mesh refinements from 100 to 30000 elements in all cases. Results show (Fig. 13) a similar profile in 
L2 of norm error that decreases to less than 5% in all three scenarios. In Table 4 we show the order of convergence (OOC) 
for all the fracture shapes (F1, F2 and F3). The order of convergence (p) is calculated in terms of L2 norm of error using 
Eq. (13) where N is the number of elements, Sr is a reference solution, C is a constant and r is a refinement parameter. For 
reference we show the gas saturation at different PVI for the complex fracture shape (F1) in Fig. 14.

(∑
(S − Sr)

2
)1/2

≤ (Cr)p (13)

N
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Fig. 15. Location of injection and production wells, fracture removed to show location of the wells (a) and the three fracture shapes, F1 (b), F2 (c) and F3 
(d), 6000 elements mesh is used: Example 5.

Example 5: non-planar fracture and oil recovery

In the last example we study the effect of the fracture shape on oil recovery. Three different fracture shapes are consid-
ered, two non-planar shapes and one polygonal planar fracture. The three fractures are independently located in the same 
matrix domain that has a size of 800 × 400 × 300 m3. The domain and the three fracture shapes (F1, F2, F3) are shown in 
Fig. 15. All the fractures (F1-F3) have the same surface area (of 34000 m2) in order to compare the recovery in the three 
different cases. The relevant data of the problem are the same as in Example 4. The number of elements in the matrix and 
the fractures in the three scenarios are kept within the range of 5000 elements for the matrix and 1000 elements in the 
fractures. We show in Fig. 16 the perspective view and projections of the three fractures.

We show in Fig. 17 the oil recovery in different fracture shapes (F1-F3). The recovery profiles show that the highest 
recovery is from F2 and the lowest from F1. The shape of fracture F2 is not aligned with the injection-production pressure 
gradient, hence the injected gas reaches the reservoir limits before being produced. In the fracture shape F3, the twists 
along the total fracture length makes most of the gas flow towards the matrix domain. The planar fracture F1, however, is 
oriented at an angle that the injected gas flows in a favorable direction within the injection-production pressure gradient 
leading to early breakthrough compared to F2 and F3 and therefore lower recovery. A planar or non-planar fracture does 

not necessarily imply a lower or higher production performance. The shape and orientation of the fracture could favor 
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Fig. 16. Perspective view and projections of fractures F1, F2, and F3: Example 5. Distances in meter.

Fig. 17. Oil recovery in different fracture shapes: Example 5.

the reservoir reach to improve well performance or lead to early breakthrough. For reference we show in Fig. 18 the gas 

saturation in the three cases at different PVI.
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Fig. 18. Gas saturation at different PVI; 6,000 elements mesh is used: Example 5.

Summary and concluding remarks

We present an efficient algorithm for simulation of compositional two-phase flow in a domain containing non-planar 
fractures. A set of tools are developed to design and mesh the most complicated fracture geometries in 3D. This is achieved 
by the interfaces we have developed in the CAD framework and the unstructured tetrahedrons. In our work we can choose 
different refinements at and near the fractures based on the complexity of fracture shape and the order of accuracy. Our 
simulation shows low mesh dependency in the 3D complex domains. We demonstrate that the complexity of the fracture 
shape does not affect the accuracy of the algorithm. Simulation of transport in non-planar fractures is based on the FCFE 
approach that alleviates the restriction on the time step imposed by small fracture grid cells in the domain. All range of 
fracture permeability values can be simulated in our model and fractures can be readily set to impermeable faults. This 
feature will allow to use a wide range of permeability values in different parts of a given fracture. We have shown in the 
examples that a non-planar fracture does not necessarily imply a lower production performance.

The work presented in this paper does not include the mechanics of the fracturing and fracture roughness. It sets stage 
to investigate fracturing by water and by CO2

Nomenclature

c overall molar density of the mixture
Ct total compressibility
cα molar density
E grid edge

Fi sink/source term
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fα fractional flow function
fα,i fugacity

g gas phase
g gravitational acceleration
i component index

K grid element
|K | volume of matrix grid cell
|k| volume of fracture grid cell
K absolute permeability

krα relative permeability
nc number of components
N number of elements

nE outward normal vector
o oil phase
p pressure, also order of convergence (OOC)

qK ,E total flux across edge E in element K

Q
f r
α,i matrix-fracture exchange flux
T temperature

V̄ i total partial molar volume
vα velocity of phase α
v f r

α velocity across the fracture length
xi,α mole fraction

zi overall mole fraction
α phase index
� computational domain
τ simulation time

μα dynamic viscosity
ρα mass density
φ porosity

λα mobility of phase α
ϕK , j DG basis function
�t time step
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