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Abstract 
We have advanced phase-field simulation of hydraulic fracturing with consideration of thermoporoelasticity and discretiza-
tion based on the mixed finite element in temperature, pressure, and the phase field. The key application is intended for 
hydraulic fracturing by water and by  CO2 in hot dry rock. In geothermal fracturing, the injection fluid may have much lower 
temperature than the hot-volcanic rock and consideration of thermoporoelasticity may have a significant effect. We provide 
numerical simulations and comparison with laboratory data and examine the effect of thermoporoelasticity on breakdown 
pressure and fracture intensity. The thermal effect is more pronounced under unconfined conditions, especially for  CO2 frac-
turing. The change of granite rock strength in the Brazilian tests at different temperatures without specific fluid confinement 
may not apply to high stress boundary conditions. Based on simulation of hydraulic fracturing experiments using water in 
heated and unheated granite, we conclude that the critical energy release rate Gc which is a key parameter of the phase field 
is not affected by temperature in the range of 20–300 °C. In that respect, there is similarity on the independency of Young’s 
modulus from temperature. The critical stress is, however, known to be a function of temperature. An important observation 
relates to simulation of fracturing by water and  CO2 in a domain larger than laboratory scale.  CO2 fills the created fractures 
quickly. Filling of created fractures by water takes time, and as a result fractures propagate in many stages. We observe from 
simulations that fracture intensity from  CO2 is higher than by water in line with laboratory measurements. Higher fracture 
intensity and fracture surface area is an important consideration in renewable energy production from geothermal formations 
due to low thermal conductivity in volcanic rocks.

Highlights

• The phase-field model predicts a single long fracture by water in granite at low temperature, and vast fracture network at 
geothermal conditions.

• The phase-field predicts, in line with experiments, lower breakdown pressure and higher fracture density by  CO2 than by 
water.

• Phase-field simulation of geothermal formulations is advanced to capture extensive branching observed in laboratory 
scale.

• The critical energy release rate Gc of granite-water may not be affected by temperature in the range of 20–300 °C.
• In large scale, fracturing by water may go through a cycle of stop and go, while continuous  CO2 fracture propagation is 

more likely.

Keywords Phase-field model · Hydraulic fracturing · Thermoporoelasticity · Critical energy release rate · Granite
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B  Bulk modulus
c  Phase-field variable
Cf   Compressibility of the fluid
CP,f   Heat capacity of fluid at constant pressure per 

unit mass
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CV ,s  Heat capacity of solid at constant strain per unit 
mass

E  Young’s modulus
f  Local load applied on the external boundary
Gc  Critical energy release rate
H  Strain-history field
kR  Permeability of rock
l0  Regularization length
M  Biot’s modulus
p  Fluid pressure
Qp  Volumetric injection rate
T  Temperature
t  Time
�̈�  Acceleration
x  Location coordinate
�T ,f   Coefficient of thermal expansion of fluid
�T ,s  Coefficient of linear thermal expansion of the 

solid rock
�  Porosity of rock
�  Fluid viscosity
ν  Poisson’s ratio
�  Biot’s coefficient
�f   Fluid density
�s  Mass density of the solid rock
�f   Fluid thermal conductivity
�s  Solid thermal conductivity
�  Strain tensor
�vol  Volumetric strain
�
e
  Elastic strain energy density of the strain tensor

�R , �F  Linear indicator functions of phase-field variable

1 Introduction

Geothermal formations in the subsurface have generally higher 
temperature than oil and gas formations at the same depth. 
These formations often consist of volcanic rocks of low perme-
ability and low connected porosity and low thermal conductiv-
ity. The energy content of the rock can potentially be a source 
of renewable energy production. When the rock contains steam 
and it can flow to the surface, electricity can be generated from 
expansion of steam in a turbine. When the rock is hot, but 
the permeability and porosity is low, a heat carrier fluid can 
be injected and produced. To access the rock energy, a large 
surface area would be required; the heat carrier fluid will pick 
up heat and deliver it at surface for electricity generation.  CO2 
may be a fluid of choice (Bongole et al. 2019; Brown 2000; 
Pruess 2006). One major difference between fracturing geo-
thermal formations and tight hydrocarbon formations is the 
effect of high rock temperature on fracturing by colder fractur-
ing fluid. The effect of thermoporoelasticity on fracturing is 
potentially large. In a recent paper, we have discussed a major 
difference between  CO2 and water fracturing;  CO2 results in 

lower breakdown pressure and higher fracture density than 
water (Feng et al. 2021). Majority of publications report lower 
fracturing pressure by  CO2 compared to water. There are lim-
ited experiments which report the opposite (Al Shafloot et al. 
2021; Li et al. 2016). In the experiments by Al Shafloot et al. 
(2021), the injection rate in  CO2 fracturing (2 mL/min) is 20 
times of water fracturing (0.1 mL/min). In the experiments 
by Xiang Li et al. (2016), the injection rate in  CO2 fracturing 
(5 mL/min) is 5 times of water fracturing (1 mL /min). In 
addition, condensation is observed by Xiang Li et al. (2016) 
which is not considered in current work. Higher injection rate 
generally leads to higher breakdown pressure (Feng et al. 
2021), but there may be other mechanisms at play that lead 
one to conclude breakdown pressure by  CO2 may be higher 
than by water in shale formations. Based on molecular simu-
lations, we calculate much lower critical energy release rate, 
Gc, for  CO2-kerogen than  H2O-kerogen (Wu and Firoozabadi 
2022). Gc is a key parameter in fracturing of rocks; lower Gc 
implies lower fracturing pressure and higher fracture inten-
sity. We have simulated the  CO2 fracturing experiments by Al 
Shafloot et al. (2021).  CO2 reaches the outer boundary within 
500 s which is much earlier than the breakdown time of around 
3000 s in experiments. We therefore conclude that the change 
of effective stress at the outer boundary is possibly the rea-
son for apparent high breakdown pressure for  CO2. Details of 
simulation are presented in Supporting Information S1.

This work centers on investigation on effect of ther-
moporoelasticity in fracturing of volcanic rocks and the 
numerical simulation of the process by  CO2 and water 
fracturing fluids. There are reports in the literature show-
ing that in  CO2 fracturing of rock with the same initial 
temperature as the injected  CO2, there may be a change in 
temperature of  CO2 (Inui et al. 2014; Ishida et al. 2012; 
Kizaki et al. 2012). The change in temperature is more 
likely from compression and expansion. In enhanced geo-
thermal systems, the injection of cold fluid into hot forma-
tion leads to large temperature changes and thermal stress 
can play a significant effect (Chen and Zhou 2021, 2022; 
Ghassemi and Zhou 2011; Stephens and Voight 1982; Tao 
and Ghassemi 2010; Tarasovs and Ghassemi 2012; Zhang 
et al. 2021). The thermoporoelasticity may have a large 
effect on fracture initiation and fracture propagation. In 
the following, we will first review the experimental work 
in the literature on the effect of thermoporoelasticity and 
fluid type on fracturing. Then review of simulation of frac-
turing will be followed.

1.1  Laboratory Experiments

1.1.1  Thermal Effect from Fluid Expansion

Temperature change has been observed in laboratory exper-
iments on  CO2 fracturing of rock with about the same initial 
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temperature as the injected fluid. Ishida et al. (2012) have 
conducted hydraulic fracturing experiments on Kurokami-
jima granite using liquid and supercritical  CO2. The tem-
perature of fluid in the injection hole is measured. For both 
liquid and supercritical  CO2, the temperature remains nearly 
constant in the pressure buildup stage, and a drop of tem-
perature (from 40 to 30 °C for supercritical  CO2, and from 
16 to 0 °C for liquid  CO2) is observed at the breakdown 
pressure. The authors suggest the temperature drop is due 
to adiabatic expansion of  CO2 by flow through the created 
fractures. The same group (Inui et al. 2014) later have con-
ducted hydraulic fracturing experiments on the same sam-
ples with water, oil, and supercritical  CO2. A temperature 
change is measured in  CO2 fracturing. Extended fractures 
and branching are observed in  CO2 fracturing. As expected, 
no temperature change is observed in injection of water 
and the oil. Kizaki et al. (2012) compare  CO2 fracturing 
with water fracturing in Inada granite and Ogino tuff. Dur-
ing pressure buildup, the temperature increases by 2 °C for 
granite and 6 °C for tuff due to adiabatic compression of 
 CO2. After the breakdown, the temperature decreases due 
to adiabatic expansion of  CO2. No significant change of 
temperature is observed for water fracturing. More fracture 
branches are observed for  CO2 in granite than by water. The 
authors reason higher fracture density and lower breakdown 
pressure is due to lower viscosity of  CO2. These sugges-
tions do not consider the fluid-rock energy density (Wu and 
Firoozabadi 2021, 2022). In the experiments by Ishida et al. 
(2004), the breakdown pressure is 16.5 MPa for viscous oil 
and 17.9 MPa for water. The results are not consistent with 
viscosity reasoning. The viscosity of oil is 80 folds greater 
than that of water (Ishida et al. 2012). As stated, surface 
energy of fluid-rock may be the main reason for difference 
in fracture density.

1.1.2  Thermal Effect from Temperature Difference

The thermal effect is the likely main difference between 
fracturing of enhanced geothermal systems (EGS) and 
shale reservoirs. Kumari et al. (2018) report the results 
from injection of 20 °C water into Harcourt granite in the 
temperature range of 20–300 °C with confining pressures. 
With an increase in confining pressure, the breakdown pres-
sure increases. With an increase in rock temperature, the 
breakdown pressure drops. More fractures around notch are 
observed at higher temperature difference between injected 
fluid and rock. Zhou et al. (2018) inject 20 °C water into 
granite from 20 to 400 °C. The breakdown pressure drops 
with the increase in temperature, and more transverse frac-
tures are observed at high temperature. Zhou et al. (2018) 
reason that the thermal tensile stress around the borehole 
induced by rapid cooling of the rock has a more signifi-
cant effect on breakdown pressure, than the change in rock 

mechanical parameters. They show that tensile strength 
of granite only has a 2.2% drop (1.1 MPa) from 100 to 
450 °C, while the breakdown pressure decreases by 67.9% 
(32.4 MPa) from 100 to 400 °C. Zhang et al. (2021) inject 
32 °C distilled water into granite at three temperatures of 
50, 100, and 200 °C, with and without boundary loads. The 
breakdown pressure is lower at higher temperature without 
boundary loads. Most of the studies so far have focused on 
water fracturing and pressure–time history. To the best of 
our knowledge, there are few laboratory experiments of  CO2 
fracturing on enhanced geothermal systems at high temper-
atures. Isaka et al. (2019) have conducted  CO2 fracturing on 
Harcourt granite samples with the same size as in Kumari 
et al. (2018). The temperature of granite is varied from 50 
to 300 °C, and  CO2 at the injection point has 10–220 °C 
lower temperature than granite. The effects of confining 
pressure and rock temperature on breakdown pressure are 
consistent in water fracturing.  CO2-induced fractures are 
more tortuous than water-induced fractures and have more 
branching under high temperature. Pramudyo et al. (2021) 
have conducted similar experiments as Isaka et al. (2019) by 
injecting room temperature  CO2 into Inada granite from 200 
to 450 °C. Complex cloud-fracture networks are observed. 
The fracture network is formed from pre-existing microf-
ractures instead of the borehole.

1.2  Numerical Simulations

1.2.1  Thermal Effect from Fluid Expansion

The temperature of  CO2 changes from expansion and com-
pression. There is limited literature on numerical simula-
tions of thermal effect from fluid expansion in fractures. Li 
et al. (2018) simulate the fluid expansion from one fracture 
to another fracture. There is no fracture propagation in this 
work. The fluid expands from one fracture at a high pressure 
of 60 MPa to the other fracture with low pressure of 30 MPa. 
Both fractures have the same initial temperature of 110 °C. 
The temperature of  CO2 increases in the second fracture to 
140 °C and decreases in the first fracture to as low as 80 °C. 
In another example with water, there is no appreciable tem-
perature change.

1.2.2  Thermal Effect from Temperature Difference

Zhang et al. (2021) have conducted numerical simulations 
of thermal effect on fracturing using damage evolution law 
in COMSOL. Simulation results for pressure–time history 
agree with experiments. Very small fluctuations in meas-
ured pressure profiles are reproduced, which may indicate 
extensive parameter adjustment.  CO2 fracturing is also simu-
lated and compared with water fracturing. More branches in 
water fracturing are observed away from the well location. 
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The authors reason the observation to be due to higher heat 
capacity of water. Higher fracture density from  CO2 is sim-
ulated in the near-well zone. Zhang et al. (2021) explain 
that the fracture extending capacity is poor due to  CO2 low 
viscosity. There is no significant difference in the overall 
simulated fracture density from water and  CO2. Guo et al. 
(2020) have simulated water fracturing in 2D by damage 
evolution law in COMSOL. The temperature of water frac-
turing fluid is 20 °C and the rock is 200 °C. A single frac-
ture is simulated. Sensitivity analysis is conducted, and the 
authors conclude that higher Young’s modulus would lead to 
lower breakdown pressure and longer fractures. Both lower 
heat capacity of the rock and higher initial temperature dif-
ference would lead to larger temperature change in rock. 
Higher Young’s modulus leads to larger bulk modulus for 
a constant Poisson’s ratio. Higher temperature drop, higher 
bulk modulus, and higher thermal expansion coefficient all 
lead to higher tensile thermal stress. Increased rock hetero-
geneity results in weaker planes in rock, so the fracture ini-
tiation pressure is lower, and propagation becomes faster as 
well. Salimzadeh et al. (2018) have simulated injection of 
20–83 °C  CO2 into 83 °C reservoir with faults in field scale 
for  CO2 storage. Fracture propagation only occurs when 
 CO2 is below 40 °C. Alpak (2021) has recently simulated 
hydraulic fracturing with thermal effect. He uses a discrete 
approach of cohesive-zone method. The critical energy 
release rate Gc is used to determine the critical fracture 
width. The value of Gc is not reported. The simulations are 
conducted by injection of 75 °F water, 150 °F water, and 140 
°F  CO2 into 150 °F formation. For water fracturing, the non-
isothermal condition results in a longer fracture and a wider 
width.  CO2-induced fractures have much smaller length and 
width than water-induced fractures due to higher leak-off, as 
the simulated deepwater reservoir has a much higher perme-
ability (as high as 1100 md) and porosity (0.26–0.325) than 
volcanic rocks. The author assumes the fracture propagation 
to be confined within a planar predefined surface. Thermal 
effect on fracture pattern is not discussed. Another recent 
work on simulation of geothermal fractured formations is 
by Zheng et al. (2021). The focus of the work is application 
of the extended embedded discrete approach with unstruc-
tured triangular elements in fractures and structured Carte-
sian elements in matrix rock. The method follows the con-
ventional stress and effective stress formulation. Effect of 
natural fractures on the creation of new hydraulic fractures 
is investigated.

A comparison of  CO2 and water hydraulic fracturing 
has been made by Bongole et al. (2019). The initial state is 
defined by a large number of natural fractures. A conven-
tional fracturing model is used in the investigation based on 
the Coulomb failure expression. The major parameters of the 
model are the principal stresses, friction angle, Coulombic 
cohesive force, and calibration parameters. In the energy 

balance, the heat exchange between the fracture and matrix 
is based on convection coefficient. The equations describ-
ing the problem are numerically solved by the Galerkian 
method for pressure, displacement, and temperature using 
COMSOL. Numerical results show that the heat recovery 
by  CO2 is significantly higher than by water. There is also a 
report of isothermal hydraulic fracturing of granite at room 
temperature and high temperature by water (Liu et al. 2022) 
both isothermally. Therefore in their work, there is no need 
for thermoelasticity. Liu et al. use the damage zone model 
with spatial discretization by the conventional finite ele-
ments. Natural fractures are introduced in the simulations.

1.3  Phase‑Field Model

The phase field is perhaps the method of choice to simulate 
fracture initiation and complex fracture geometry and propa-
gation (Chen et al. 2022, 2020; Sun et al. 2021). The method 
has been extended to include thermoelasticity (Blaise Bour-
din et al. 2014; Miehe et al. 2015; Rahbar et al. 2021; Tan-
gella et al. 2021) and more recently to include thermoporoe-
lasticity (Li et al. 2021; Noii and Wick 2019). In geothermal 
hydraulic fracturing, the consideration of thermoporoelas-
ticity in the phase-field step is a key. Noii and Wick present 
a comprehensive work in relation to hydraulic fracturing 
in geothermal formations. In their formulation, there are 
a number of assumptions including the effect of tempera-
ture on fluid pressure to be negligible. The authors use the 
Galerkian finite element in the discretization of pressure, 
temperature, displacement, and phase-field variables. They 
have verified their algorithm with analytical solutions. The 
critical energy release rate, Gc, which is a key parameter in 
the phase field is assumed to be about of  105 N/m. As a result 
of high critical energy rate, the numerical results reveal sim-
ple fractures. The recent work by P. Li et al. (2021) accounts 
for the effect of temperature on fluid properties but assumes 
a small constant compressibility for  CO2 to allow lineariza-
tion. In the discretization, the Galerkian method is used in 
COMSOL. The authors use Gc = 1.05 ×  103 N/m. There is no 
observation of fracture branching in the numerical results.

Despite much progress in numerical solution of fracturing 
in EGS systems, the validation of the phase field based on 
laboratory data is not yet reported. The discretization using 
the mixed finite element for pressure and temperature may 
have merits over the Galerkin method (Feng et al. 2021). 
For laboratory-scale experiments and perhaps in field scale, 
we may need to include the effect of kinetic term which is 
not included in the literature work on thermoporoelastic-
ity. In the phase field, the lower critical energy release rate, 
Gc, for  CO2 compared to water may lead to lower break-
down pressure and more branching in  CO2 fracturing than 
in water (Feng et al. 2021). Despite the fact that a large 
number of authors suggest lower fluid viscosity may lead 
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to fracture branching, our recent work is not in support of 
viscosity effect alone (Feng et al. 2021). Viscosity of water 
drops significantly at high temperature (water viscosity is 
only about 3.4 times of  CO2 at 300 °C). The viscosity dif-
ference between water and  CO2 becomes less significant in 
geothermal formations at high temperature. The breakdown 
pressure is based on rock material properties in both the 
damage evolution law and cohesive-zone numerical meth-
ods. In the damage evolution law, the stress condition of rock 
is compared to the maximum tensile or shear stress criterion. 
In the cohesive-zone method, the critical fracture opening 
displacement is determined based on linear elastic fracture 
mechanics. The effect of fluid is considered only through 
pressure. In phase-field simulations, the critical energy 
release rate, Gc, is used which is related to the solid–fluid 
interfacial energy density (Wu and Firoozabadi 2021, 2022); 
the effect of fluid–rock interaction is therefore a key param-
eter in our work.

1.4  Fracture Filling

In domain sizes larger than 1-to-2-inch cores, when bound-
ary load is low, fracturing may take place multiple times 
before the created fractures reach the boundary. If the fluid 
pressure drops significantly at the first breakdown and the 
domain is sufficiently large, subsequent pressure buildup 
stages are needed for pressure increase from injection for 
further fracturing. In the experiments of Zhou et al. (2018), 
consecutive pressure buildup of seven times is observed in 
water fracturing. The first fracturing has the highest break-
down pressure. The created fracture is partly empty, and a 
liquid because of low compressibility cannot fill the created 
space. Injection will be required to fill the created space and 
build up the pressure. According to laboratory experiment 
observation by Daneshy (1978), fracture tip is always ahead 
of fracturing fluid which fills 60–70% of created fracture. 
Even fluids in the tight rock around the fractures may not 
fill the created space rapidly. In overburdened reservoirs, 
the fluid lag may not be likely (Detournay 2016). We will 
discuss the issue of fracture filling in some detail as part of 
this work.

In the following, we will first present the phase-field for-
mulation in hydraulic fracturing with consideration of ther-
moporoelasticity. The numerical solution of the four set of 
differential equations is then discussed. In the past, we have 
verified our hydraulic fracturing code with the analytical 
work of fracturing by Sneddon and Lowengrub (1969) at iso-
thermal conditions. In this work, we will further verify the 
fracture creation and propagation at isothermal conditions. 

Our numerical simulations are also, compared with analyti-
cal solution (Li et al. 1998) in deformable hot rock when 
it is exposed to a cold fluid in a suddenly cooled wellbore. 
Next, we simulate the experiments in water and  CO2 fractur-
ing from laboratory measurements by Kizaki et al. (2012), 
Watanabe et al. (2017), Kumari et al. (2018), and Isaka et al. 
(2019). We also simulate fracture initiation and propagation 
in a domain 5 times of the size of the laboratory experiments 
to gain insight into fluid filling of the created fractures and 
creation and propagation of new fractures from continuous 
fluid injection.

2  Theory

2.1  Governing Equations

In this work, we add the contribution from thermal effect to 
various balances that define the problem at isothermal condi-
tions. First, we add the contribution from thermal effect in 
the momentum balance expression. We also add the contri-
bution of thermal effect in the mass balance expression and 
add the energy balance equation. The momentum balance of 
a deformable rock is given by

where c is the phase-field variable; x is the location coordi-
nate; � is the strain; p is the pressure of fluid; f  is the local 
load applied on the external boundary; �̈� is acceleration; �+

e
 

and �−
e

 are the elastic strain energy density of positive and 
negative components of the strain tensor, respectively;

�eff = �R� + �F  is the effective Biot’s coeff i-
cient, and the linear indicator functions are given by 
�R = (c2 − c)∕(c2 − c1) , �F = (c − c1)∕(c2 − c1) , where c1 
and c2 are the two threshold values. We use c1 and c2 from 
Lee et al. (2016); B is the bulk modulus; �T ,s is the coeffi-
cient of linear thermal expansion of the solid rock; T is the 
temperature; �s is the mass density of the solid rock; i is a 
dummy index; and j is a free index.

The phase-field equation is given by

where Gc is the critical energy release rate, l0 is the regulari-
zation length, and the H is strain-history field. Details are 
presented in the Supporting Information S1 (Borden et al. 

(1)

𝜕
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�x2
i
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2012; B. Bourdin et al. 2000; Francfort and Marigo 1998; 
Gershenfeld 1998; Griffith 1921; Miehe et al. 2010; S. Zhou 
et al. 2019).

The fluid mass balance is expressed as

where t is the time, keff = �RkR + �FkF is effective perme-
ability of the rock, the fracture permeability kF =

w2

12
 , w is the 

width of the fracture, μ is fluid viscosity, �f  is fluid density, 
Qp is the volumetric injection rate, �vol is the volumetric 
strain, �T ,f  is the coefficient of thermal expansion of fluid, 
the effective porosity�eff = �R� + �F , Cf  is the compress-
ibility of the fluid, and M is the Biot’s modulus. The effective 
properties ( �eff  , keff  , �eff  ) are used to describe the transition 
region (Lee et al. 2016; Zhou et al. 2019). In our previous 
work (Feng et al. 2021), fracture is fixed after creation. In 
this work, we update the fracture width w and therefore it 
may change.

The energy balance is expressed as

where CP,f  is the heat capacity of fluid at constant pressure 
per unit mass, CV ,s is the heat capacity of solid at constant 
strain per unit mass (Smejkal et al. 2021), �s is the solid 
thermal conductivity, and �f  is fluid thermal conductivity. 
Details of energy balance formulation are presented in Text 
S7 of the Supporting Information S1 (Bird et al. 2002).

2.2  Discretization of the Governing Equations

The displacement, phase-field, fluid pressure, and tempera-
ture are solved from Eqs. (1), (2), (3), and (4), respectively; 
a staggered scheme is used in the numerical solution. We use 
the finite element for the discretization of the displacement 
in Eq. 1, and the mixed finite element for the discretiza-
tion of the phase-field variable c in Eq. 2, pressure in Eq. 3, 

(3)

�f
1

M

�p

�t
+ �f�eff�R

��vol

�t

+ �f
(

3�R�eff�T ,s − �eff�T ,f − 3�R�eff�T ,s
)�T

�t

− �f

keff

�
∇2p −

keff

�
∇p ⋅

[

�f
(

Cf∇p − �T ,f∇T
)]

= Qp,

(4)

(

�eff �f CP,f +
(

1 − �eff

)

�sCV ,s

)�T

�t

− �eff �f CP,f

keff

�
∇p ⋅ ∇T+3

(

1 − �eff

)

B�T ,sT
��vol

�t

= (�eff�f +
(

1 − �eff

)

�s)∇
2T

+ �eff�T ,f T

(

−
keff

�
∇p ⋅ ∇p +

�p

�t

)

,

and temperature in Eq. 4. The mixed hybrid finite element 
in our simulations allows accurate calculations in fractured 
media and results in conservation of energy and mass as well 
as direct calculation of mass leak-off between the fracture 
and the matrix. It also allows direction calculation of energy 
transfer between the fractures and the matrix. The merits 
in accurate calculations of flow are presented in Text S8 of 
the Supporting Information SI (Chavent and Roberts 1991; 
Hoteit and Firoozabadi 2004; Zidane and Firoozabadi 2014).

For element K, the matrix notation of Eq. (1) after dis-
cretization is given by

where �K , �K , �K , and �̈�K are the matrices for displacement, 
pressure, temperature, and acceleration fields, respectively; 
� is the external forces at the nodes; � is the stiffness matrix; 
�1 is the poroelasticity matrix; �2 is the thermoelasticity 
matrix; and � is the mass matrix, bold fonts indicate vector 
or matrix. Details are presented in the Supporting Informa-
tion S1 (Kleiven et al. 2001; Zienkiewicz 1982).

Equation (2) after discretization becomes

where a is the area of the element, DIVK = [1, 1, 1]T for a 
triangular element, cK is the element average of phase-field 
variable, TCK is the average phase-field variable on different 
edges of element K, and AK is related to basis function with 
details in Text S8 of the Supporting Information SI.

Equation (3) from time and spatial discretization becomes

where superscript n and n − 1 indicates current and previ-
ous times, Δt is the time interval between the steps, and TK 
is the element average of temperature. Newton’s backward 
difference is used for time discretization.

(5)𝐊𝐃K −𝐐1𝐏K −𝐐2𝐓K+𝐌�̈�K = 𝐅,
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Equation (4) from time and spatial discretization becomes

where TTK is the average temperature on different edges of 
element K.

Details are presented in Text S8 of the Supporting Infor-
mation SI (Chavent and Roberts 1991; Hoteit and Firoozab-
adi 2004; Zidane and Firoozabadi 2014).

3  Numerical Simulations

The focus of our work is 2D unstructured discretization of 
equations describing hydraulic fracturing with consideration 
of thermoporoelasticity. Unstructured triangle elements are 
used in all examples. In this work, when we refer to element 
size, it is based on the average side length of a triangular 
element. We assume single phase flow. At high temperature, 
the pressure of water is assumed to remain above satura-
tion pressure, and  CO2 remains at supercritical state. The 
density and compressibility of  CO2 are calculated based on 
the Peng-Robinson equation of state (Peng and Robinson 
1976). The viscosity of  CO2 is calculated from the Lohrenz-
Bray-Clark model (Lohrenz et al. 1964). The thermal con-
ductivity, heat capacity of  CO2, and temperature-dependent 
material properties of water are calculated from the empiri-
cal equations (Castro et al. 1986; Eckert 1987; Poling et al. 
2001; Reid 1975). Young’s modulus and Poisson’s ratio of 
granite are assumed to be constant in the temperature range 
studied according to measurements of Isaka et al. (2018).

Our numerical simulations are first compared with analyti-
cal solution (Li et al. 1998) in deformable hot rock when it is 
exposed to a cold fluid in a suddenly cooled wellbore. We also 
further verify our model in fracture propagation and geometry 
at isothermal conditions. We next simulate the experiments in 
water and  CO2 fracturing from laboratory measurements by 
Kizaki et al. (2012). The fluid and rock have the same initial 
temperature. Temperature change in  CO2 fracturing is exam-
ined. The simulations of laboratory experiments by Watanabe 
et al. (2017) and Kumari et al. (2018) on water fracturing, and 
Isaka et al. (2019) on  CO2 fracturing of enhanced geothermal 
systems are also presented. Fracture initiation and propaga-
tion are examined as well as thermal effects. We also simulate 

(8)

(

�eff �f CP,f +
(

1 − �eff

)

�sCV ,s

)TK
n − TK
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fracturing in a domain 5 times of the size of the laboratory 
experiments to gain insight into fluid filling in the created 
fractures and creation and propagation of new fractures due to 
continuous fluid injection. Dry rock is assumed (not saturated 
with fracturing fluid) as the initial condition unless specified 
otherwise. We use a time step size of about 1 s during pressure 
buildup before fracturing and small time-step size (about 1 μs) 
during fracture propagation.

We have verified fracture propagation at isothermal condi-
tions. The verification is beyond what we presented in Feng 
et al. (2021). We simulate fracturing by water in a cement rock 
with natural fracture of different orientations in full predic-
tions and compare the simulations with observed fracturing 
in different experiments. There is good agreement. Results 
are presented in Text S9 of the Supplementary Information.

3.1  Simulation of Hot Rock with Suddenly Cooled 
Wellbore and Comparison with Analytical 
Solution

We verify the coupled hydro-thermal–mechanical model 
with an analytical solution for hot rock with suddenly 
cooled wellbore (Li et al. 1998). The setup is the same as 
the numerical simulation by Ghassemi and Zhang (2004). 
An infinite-acting rock domain is assumed in analytical solu-
tion. In our simulations, the saturated rock is 2 m in diameter 
with a 0.2 m-diameter borehole at the center, as shown in 
Fig. 1a. Closed boundary condition is assumed for pressure 
domain, and insulation boundary condition is assumed for 
temperature. Free boundary condition is assumed for dis-
placement. The initial temperature is 200 °C and the initial 
pressure is zero. The wellbore wall is suddenly cooled and 
maintained at 80 °C. The relevant parameters are listed in 
Table 1. The analytical solution of temperature, pressure, 
tangential stress, and radial stress distributions at  102,  103, 
 104,  105,  106 s are presented in Ghassemi and Zhang (2004). 
We only compare solutions at  102,  103, and  104 s since the 
boundary effect is significant at later times.

Figure 1b shows the temperature distributions over time 
from borehole wall to the outer boundary. Heat conduc-
tion is the dominant effect, and the rock temperature drops 
gradually starting from the borehole wall as illustrated in 
Fig. 1c–e. Figure 1f shows the pressure profile. A pressure 
drop is observed around borehole at the beginning due to 
the thermal contraction of rock from cooling. The pressure 
change is much faster than temperature change as expcted 
(see Fig. 1g–i). The simulation results are in good agreement 
with the analytical solution.

Figure 2a shows the tangential stress distributions over 
time from borehole wall to the outer boundary. The shrink-
age of the rock near borehole due to cooling induces tensile 
stress. Figure 2b shows the radial stress profile. The shrink-
age of the rock near borehole pulls the outer layer which 
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induces a tensile stress. Figure 2c, d shows the stress profile 
at  104 s. Cartesian coordinate system is used in stress calcu-
lation. Stress in the direction along the x axis gives the radial 

stress, while along the y axis gives the tangential stress. The 
simulation results are in good agreement with the analytical 
solution.

Fig. 1  a Geometry, and the 
analytical solution and our 
numerical results (Ghassemi 
and Zhang 2004); b temperature 
plot; c–e temperature profiles at 
different times; f pressure plot; 
and g–i pressure profiles at dif-
ferent times. R = 1 m

(a) Geometry (b) Temperature vs. normalized radial distance

Temperature 
profile:

(c) 102 s (d) 103 s (e) 104 s 

(f) Pressure vs. normalized radial distance

Pressure profile: (g) 102 s (h) 103 s (i) 104 s 

Table 1  Parameters of analytical solution (Ghassemi and Zhang 2004) ( � is obtained based on Skempton’s coefficient; C
f
 is obtained based on 

bulk modulus; �
f
 and �

s
 are obtained based on heat capacity and thermal diffusivity)

E 3.75 ×  107 Pa ν 0.25 �T ,s 2.4 ×  10–5  K−1

�T ,f 3 ×  10–4  K−1 CP,f 790 J/(kg K) CV ,s 790 J/(kg K)
� 0.01 �f 1000 kg/m3 � 0.443
kR 4.053 ×  10–4 mD Cf 4 ×  10–7  Pa−1 Element size 1 cm
� 3.55 ×  10–4 Pa·s �f 49 W/(m K) �s 11.08 W/(m K)
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3.2  Hydraulic Fracturing by Water and by  CO2: 
Unheated Inada Granite

Kizaki et al. (2012) have conducted laboratory-scale experi-
ments in fracturing of cubic Inada granite rocks. Water is 
used to fracture an unheated dry granite.  CO2 fracturing is 
also conducted in unheated granite. The measurements on 
fracture breakdown pressure and fracture geometry provide 
a unique opportunity for analysis and to obtain the criti-
cal energy release rate of  H2O-Inada granite and  CO2-Inada 
granite. The core geometry is shown in Fig. 3a. The sample 
is 150-mm cube. The notch has a diameter of 20 mm. Tri-
axial loading is applied in the experiments with a vertical 
stress of 1 MPa and two horizontal stresses σH (5 MPa) and 
σh (3 MPa). Only horizontal stresses are considered in our 
2D simulations. The roller boundary condition is applied 
on remaining edges, with one corner fixed. The bound-
ary is closed with no flow in the experimental setup. Two 
simulations are conducted for fracturing: one for water and 
one for  CO2. The relevant parameters are listed in Table 2. 
Qp is based on injection rate (50 mL/min) and length of 
hole (60 mm) from the experiments by Kizaki et al. (2012). 
Specimens for  CO2 fracturing are heated to 40 °C, and the 
temperature of specimens for water fracturing is 9 °C. Water 
has the same initial temperature as the rocks. It takes 22 s 
before water fills the notch and pressure starts to increase 
in experiment. The simulation also starts at 22 s to match 
the experiment condition. For  CO2 fracturing, liquid  CO2 is 
injected in the experiment and then heated to supercritical 

state. The pressure is kept constant until 120 s, at which the 
simulation starts. We assume that the Inada granite is satu-
rated at 120 s to compensate for the leak-off in first 120 s.

Figure 3b, c shows pressure vs. time in the notch. The 
pressurization rate is lower for  CO2 due to high compress-
ibility. The breakdown pressure is lower in  CO2 fracturing. 
Figure 3d shows temperature vs. time in the notch in  CO2 
fracturing. In simulations, the temperature of  CO2 increases 
slightly during pressure buildup due to compression, as 
shown in Fig. 3e. The temperature change correlates with 
the pressurization rate, which is the highest at 120 s, and the 
corresponding temperature is the highest at 41.2 °C. After 
the breakdown, the temperature of  CO2 in the notch drops 
rapidly due to expansion and increases in fractures because 
the fluid flows in and pressure increases, as shown in Fig. 3f. 
The temperature change is more significant after breakdown, 
since both the depressurization rate in the notch and pres-
surization rate in the fracture are much higher than the rate 
during pressure buildup. The water- and  CO2-induced frac-
ture patterns are illustrated in Fig. 3g, h, respectively. A 
bi-wing fracture is observed for water fracturing, and the 
 CO2-induced fracture has branching. Our simulated results 
are in good agreement with the experimental data. Based 
on the simulations, we obtain the critical energy release rate 
for water-Inada granite (Gc = 35 N/m) and  CO2-Inada gran-
ite (Gc = 25 N/m). There has been no report of the critical 
energy release of granite with water and other fluids. Note 
that there is not a significant difference between the critical 
energy release rates of the two fluids with the Inada granite. 

Fig. 2  a Tangential stress plot; 
b radial stress plot; c profiles of 
stress in the x direction at  104 s; 
and d profiles of stress in the y 
direction at  104 s. R = 1 m

(a) Tangential stress vs. normalized radial 
distance 

(b) Radial stress vs. normalized radial 
distance  

(c) Stress in x direction at 104 s (d) Stress in y direction at 104 s  
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(a) Geometry and boundary conditions (b) Pressure vs. time in the notch: water 
fracturing

(c) Pressure vs. time in the notch: water and 
CO2 fracturing 

(d) Temperature vs. time in the notch: CO2

fracturing

CO2

fracturing:
(e) Temperature distribution before 

breakdown, time=145 s
(f) Temperature distribution after 

breakdown, time=200 s

Phase-field: (g) Water fracturing (h) CO2 fracturing

Fig. 3  a Geometry and boundary conditions of the setup from Kizaki 
et al. (2012); b, c pressure, and d temperature in the notch vs. time 
in water and  CO2 fracturing; simulated temperature distributions e 

before breakdown and f after breakdown in  CO2 fracturing; phase 
field in g water, and h  CO2 fracturing
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In shale rock, the difference is very significant (Feng et al. 
2021).

3.3  Hydraulic Fracturing by Water: Heated Inada 
Granite

Watanabe et al. (2017) have conducted experiments in 
water fracturing of small cores of Inada granite. The exper-
iments are conducted in unheated Inada granite without 
confining pressure, and with confining pressure of 40 MPa 
at 200 °C and 360 °C. The injected water is preheated to 
the prescribed temperature before it enters the sample, so 
there are no initial temperature differences. An axial pres-
sure of 90 MPa is also applied in the experiments, which 
is not considered in our 2D simulations. The geometry is 
shown in Fig. 4a. The cylindrical sample is 30 mm diam-
eter and length of 25 mm. The notch has a diameter of 
1.5 mm. The sample is wrapped with the polyimide film. 
Closed boundary condition with no flow is applied for pres-
sure in line with experimental setup. The relevant param-
eters of our simulations are listed in Table 3. Qp in 2D 
is based on injection rate (3 mL/min) and length of hole 
(10 mm) from the experiments.

We conduct simulations in isothermal condition in line 
with experimental setup, and in nonisothermal condition 
assuming water is injected at 20 °C and not preheated. 
Figure 4b–d shows pressure vs. time in the notch. The 
difference between measured and simulated breakdown 
pressure is less than 8% for the three conditions. The 
breakdown pressure is higher than the confining pres-
sure. When there is a temperature difference between rock 
and fluid, a thermal tensile stress is induced around the 
notch which lowers the breakdown pressure. The same 
value of critical energy release rate is used for all condi-
tions implying that Gc(35 N/m) does not have appreci-
able change with temperature which is in line with our 
molecular simulations (Wu and Firoozabadi 2022). The 
fracture patterns are shown in Fig. 5. A bi-wing fracture 
is observed at 20 °C without confinement (Fig. 5a, b), 

and a few branches are observed under high temperature 
and confining pressure (Fig. 5c, d, f, g). Multiple small 
branches are more extensive at nonisothermal conditions 
(Fig. 5e, h) due to thermal effect; the pattern of created 
fractures is complex. In the experiments, some fractures 
are not initiated from the notch as shown in Fig. 5f which 
indicates that there are natural fractures in the granite 
used in experiment. Since the locations and the sizes of 
these natural fractures are not provided in Watanabe et al. 
(2017), we do not include them in our simulations. In 
future work, we will include the effect of natural frac-
tures. As a whole, our simulated fracture patterns are in 
good agreement with experiments.

3.4  Hydraulic Fracturing by Water and by CO2: 
Harcourt Granite

3.4.1  Hydraulic Fracturing by Water

Kumari et al. (2018) have conducted experiments on water 
fracturing in small cores of Harcourt granite. Water fractur-
ing is investigated in unheated and heated Harcourt gran-
ite. The experiments are conducted without and with high 
boundary loading. The combination of loading and heated 
rocks provides data sets for the effect of thermoporoelas-
ticity at high loading. The geometry is shown in Fig. 6a. 
The cylindrical sample is 22.5 mm diameter and length of 
45 mm. The notch has a diameter of 3 mm. External loading 
is applied in the experiments by Kumari et al. (2018) with 
an axial stress of 65 MPa and 60 MPa confining pressure. 
Only confining pressure is accounted for in our 2D simula-
tions. Insulation blanket is used to prevent heat loss. Closed 
boundary condition with no flow is applied for pressure, 
and insulation boundary condition is assumed for tempera-
ture in line with experimental setup. Granite specimens are 
fractured at room temperature of 20 °C, and at 300 °C; this 
will allow to investigate the effect of thermoporoelasticity. 

Table 2  Relevant parameters 
in simulation of experiments 
by Kizaki et al. (2012) (Gc 
is obtained by matching the 
breakdown pressure; material 
properties of Inada granite are 
from Lin (2002))

E 6.21 ×  1010 Pa ν 0.3 �T ,s 2.4 ×  10–5  K−1

�T ,f 3 ×  10–4  K−1(water)
4 ×  10–3  K−1(CO2)

CP,f  (water) 4200 J/(kg K) CV ,s 790 J/(kg K)

� 0.0075 �f  (water) 1000 kg/m3 � 0.0075
kR 4.053 ×  10–4 mD Cf  (water) 4.6 ×  10–10  Pa−1 Gc 25 N/m 

 (CO2-Inada 
granite)

35 N/m (water-
Inada granite)

� (water) 1.3 ×  10–3 Pa s �f  (water) 0.6 W/(m K) �s 11.08 W/(m K)
l0 1 mm c1 0.4 c2 0.6
Element size 0.5 mm Qp 14  mm2/s
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Fig. 4  a Geometry of the setup 
and data from Watanabe et al. 
(2017); b–d pressure vs. time 
in the notch. Confining pres-
sure = 40 MPa

      (a) Geometry         (b) Pressure vs. time in the notch: 
Water fracturing, 20oC, unconfined

(c) Pressure vs. time in the notch: 
Water fracturing, 200oC, confined

(d) Pressure vs. time in the notch: 
Water fracturing, 360oC, confined

Fig. 5  a–h Fracture pattern for 
water fracturing. a, c, f Adapted 
from Watanabe et al. (2017), 
with permission from Wiley. 
Confining pressure = 40 MPa

Measurements by 
Watanabe et al.

Simulations (isothermal) Simulations (nonisothermal)

Water 
fracturing, 

20oC, 
unconfined:

(a) (b)   
Water 

fracturing, 
200oC, 

confined:

(c) (d)    (e)
Water 

fracturing, 
360oC, 

confined:

(f) (g)    (h)
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The authors apply the high temperature and confining pres-
sure for 3 h prior to fluid injection. Water fracturing is also 
conducted at 20 °C without confining pressure for compari-
son. We simulate the experiments in fracturing by water and 
conduct two additional simulations for fracturing by  CO2 
at 50 and 300 °C. The temperature of fracturing fluids in 
the notch is kept at 20 °C for water and 50 °C for  CO2 in 
2D. The relevant parameters of our simulations are listed in 
Table 4. Qp in 2D is based on injection rate (5 mL/min) and 
length of hole (22 mm) from the experiments.

Figure 6b shows pressure vs. time in the notch. At room 
temperature, the breakdown pressure of water fractur-
ing from simulations is 9.9 MPa without confinement and 
72.0 MPa with confining pressure. The measured values are 
9.3 MPa and 72.1 MPa, respectively. A much higher fluid 
pressure is needed to create tensile strain energy for fracture 
initiation at 60 MPa confining pressure. At 300 °C in hot 

rock, the breakdown pressure is 68.0 MPa from simulation 
and 66.2 from experiment. The lower breakdown pressure 
is due to tensile thermal stress on cooled granite around 
the notch. The difference between measured and simulated 
breakdown pressure is less than 7% for the three conditions. 
We obtain the critical energy release rate Gc = 100 N/m by 
matching the breakdown pressure for the Harcourt granite-
water systems; it does not change with temperature. The 
simulated breakdown pressure for  CO2 fracturing is about 
65.6 MPa at 50 °C and 61.8 MPa at 300 °C. Fracturing of 
hot dry rock by  CO2 has lower breakdown pressure than by 
water, but the difference is not appreciable.

The fracture patterns are shown in Fig. 7. A bi-wing 
fracture is created for water fracturing without confinement 
(Fig. 7a, b), and multiple branches are observed under con-
fining pressure (Fig. 7c-f). The fracture is more tortuous 
with more branches in hot dry rock (Fig. 7f). Our simulated 
fracture patterns are in good agreement with experimental 
data by Kumari et al. (2018). The  CO2-induced fracture has 
higher fracture surface area than water-induced fractures 
(Fig. 7g, h).

Table 3  Parameters used in simulation of experiments by Watanabe 
et al. (2017) (other parameters are the same as in Table 2)

� 0.005 kR 6.08 ×  10–3 mD � 0.005
Element size 0.1 mm Qp 5  mm2/s Gc 35 N/m

Fig. 6  a Geometry of the setup 
from Kumari et al. (2018); b 
pressure in the notch vs. time in 
water and  CO2 fracturing from 
simulations. Confining pres-
sure = 60 MPa

(a) Geometry (b) Pressure vs. time in the notch: water and 
CO2 fracturing in our simulations

Table 4  Parameters for 
simulation of Kumari et al. 
(2018) (Gc is obtained by 
matching the breakdown 
pressure)

E 1.82 ×  1010 Pa ν 0.22 �T ,s 2.4 ×  10–5  K−1

�T ,f 3 ×  10–4  K−1 (water)
4 ×  10–3  K−1  (CO2)

CV ,s 790 J/(kg K) � 0.008

� 0.008 c1 0.4 c2 0.6
kR 4.053 ×  10–4 mD l0 0.25 mm Gc 25 N/m 

 (CO2-Harcourt 
granite)

100 N/m (Water-
Harcourt 
granite)

Element size 0.1 mm Qp 3.8  mm2/s �s 3.1 W/(m K)
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Fig. 7  a–f Fracture pattern for 
water fracturing; g, h fracture 
pattern for  CO2 fracturing. a, 
c, e are adapted from Kumari 
et al. (2018), with permission 
from Elsevier. Confining pres-
sure = 60 MPa

Measurements by Kumari et al.        Simulations

Water fracturing, 
20oC, unconfined:

(a) (b)

Water fracturing, 
20oC, confined:

(c) (d)

Water fracturing, 
300oC, confined:

(e) (f)

CO2 fracturing, 
confined:

(g) Simulations, 50oC (h) Simulations, 300oC
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3.4.2  Hydraulic Fracturing by CO2

Isaka et al. (2019) have conducted experiments on  CO2 frac-
turing of small cores of Harcourt granite. The size of core 
is the same as Kumari et al. (2018) shown in Fig. 6a. An 
axial load with 5 MPa deviatoric stress is applied in the 
experiment but not in our simulations. E of Harcourt granite 
is 17 GPa. Qp in 2D is 22.8  mm2/s based on the injection 
rate (30 mL/min) from experiments. Other parameters of 
our simulations are the same as in Sect. 3.4.1 and are listed 
in Table 4. The conditions of confining pressure and tem-
perature are summarized in Table 5. The experiments by 
Isaka et al. (2019) focus on  CO2 fracturing, and the break-
down pressure is not reported for water fracturing. From our 
simulations, fracturing of hot dry rock by  CO2 has lower 
breakdown pressure than water. In addition, the breakdown 
pressure is lower when confining pressure is lower or tem-
perature is higher. The observation is consistent with the 
results presented in Sect. 3.4.1. Good agreement is found 
between experiments and simulations in all tests.

The  CO2-induced fracture patterns under 30 MPa con-
fining pressure are shown in Fig. 8. A bi-wing fracture is 
observed below 100 °C (Fig. 8a–d), and multiple branches 
are observed at 200 and 300 °C (Fig. 8e–h).

The water-induced and  CO2-induced fracture patterns 
under 40 MPa confining pressure are shown in Figs. 9 and 
10, respectively. A bi-wing fracture is observed for water 
fracturing (Fig. 9) and  CO2 fracturing at 50 °C (Fig. 10a, 
b) and 200 °C in the experiment (Fig. 10e). Three branches 
are observed for  CO2 fracturing at 100 °C (Fig. 10c, d), and 
multiple branches are observed at 300 °C (Fig. 10g, h). The 
 CO2-induced fracture has higher fracture surface area than 
water-induced fractures (Figs. 9, 10a–d). The fracture is 
more tortuous with more branches in hot dry rock (Fig. 10g, 

h). Our simulated fracture patterns are in good agreement 
with experimental data by Isaka et al. (2019).

3.4.3  Hydraulic Fracturing by Water and by CO2 in Larger 
Domain

In the simulations presented above, the fracture reaches the 
boundary within several milliseconds due to the small size 
of domain even when we stop injection after the breakdown 
pressure. In order to get insight into larger scale rock frac-
turing, we examine the fracture propagation in a five-time 
larger domain shown in Fig. 11a; the diameter is 112.5 mm. 
The size of notch and other conditions are kept the same as 
the smaller domain as listed in Table 4.

We first simulate fracturing by water. Figure 11b shows 
pressure vs. time in the notch. It takes 20 s for the pressure to 
reach the first breakdown point at a pressure of 13.73 MPa. 
The pressure drops significantly after breakdown to near 
zero, due to fluid filling of the created fractures. A bi-wing 
fracture is created as shown in Fig. 11c. Because of the large 
size of domain and low fluid pressure, the fracture stops 
propagating, and the second pressure buildup starts. The 
pressurization rate is lower than the condition before frac-
turing due to volume of created fractures, and the second 
breakdown pressure of 4.91 MPa is reached after 100 s. The 
following pressure buildups take longer with lower break-
down pressure as shown in Fig. 11b. Seven pressure buildup 
stages are observed before the fracture reaches the boundary 
of domain. The corresponding fracture pattern of each stage 
is shown in Fig. 11c–i. An example of pressure distribution 
during fourth pressure buildup is shown in Fig. 11j, k. At 
the beginning of pressure buildup, there is no fluid in new 
fractures (see Fig. 11j). It takes 150 s (from 270 to 420 s) to 
fill the new fractures. From 420 to 650 s, the fracture is filled 

Table 5  Test conditions of Isaka 
et al. (2019) and breakdown 
pressure from experiment and 
simulation

Confining pressure 
(MPa)

Fracturing fluid Temperature (°C) Breakdown pressure (MPa)

Granite Fluid Experiment Simulation

30 CO2 50 40 42.6 43.3
100 60 41.5 42.1
200 80 39.3 39.5
300 80 37.1 37.4

40 Water 20 20 Not reported 61.1
100 20 Not reported 59.0

CO2 50 40 53.4 53.8
100 60 52.3 52.5
200 80 50.1 50.0
300 80 47.9 47.8
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Fig. 8  Fracture pattern for  CO2 
fracturing. a, c, e, g adapted 
from Isaka et al. (2019), with 
permission from Elsevier. Con-
fining pressure = 30 MPa

Measurements by Isaka et al.         Simulations

CO2 fracturing, 
50oC:

(a) (b) 

CO2 fracturing, 
100oC:

(c) (d)

CO2 fracturing, 
200oC:

(e) (f) 

CO2 fracturing, 
300oC:

(g) (h)
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with fluid, and the pressure increases to the breakdown point 
of 2.3 MPa as shown in Fig. 11k.

Figure 12 shows pressure distribution in the fracture 
before 5th pressure buildup from 700 to 1100 s. The fracture 
pattern corresponds to Fig. 11f. The pressure in the notch 
increases first as the fluid is injected, and the fracture is 
filled slowly as the fluid flows in. The pressurization rate in 
the notch increases significantly after 1100 s as the fracture 
pressure nearly reaches equilibrium.

We have also carried out simulations in the domain in 
Fig. 11a for  CO2 fracturing for both cold and hot dry rock. 
In addition, we have conducted water fracturing in hot dry 
rock. Figure 13a shows pressure vs. time in the notch for 
the two fluids at two temperatures without confinement. In 
water fracturing, the breakdown pressure drops from 13.7 to 
12.7 MPa when the initial temperature of granite increases 
from 20 to 300 °C. For  CO2 fracturing, the breakdown pres-
sure is about 9.5 MPa at 50 °C and 8.9 MPa at 300 °C. It 
takes longer for  CO2 to reach the breakdown pressure, but 
the pressure drop is much less than water during fracture 
propagation due to high  CO2 compressibility. There is only 
one short 2nd pressure buildup observed in  CO2 fracturing, 
and the fracture that propagates to the boundary is faster 
than water-induced fractures. The  CO2-induced fracture has 
branching, and a thermal damage zone is observed around 
the notch at high temperature (Fig. 13b–d).

We also examine water and  CO2 fracturing in a domain 
large than laboratory scale at high temperature at 60 MPa 
confining pressure. As shown in Fig. 14a, the breakdown 
pressure is 66.2 MPa for water and 64.6 MPa for  CO2. For 
both fluids, the pressure drops to near confining pressure 
after breakdown and decreases slowly during fracture propa-
gation. A bi-wing fracture is observed for water fracturing 
(Fig. 14b), and multiple branches are observed for  CO2 frac-
turing (Fig. 14c).

4  Conclusions

We have advanced formulation of the phase field and numer-
ical simulation of governing equations with consideration 
of thermoporoelasticity and full compressibility for  CO2. 
The simulation results of volcanic rocks are validated with 
laboratory experiments of water and  CO2 fracturing at noni-
sothermal conditions.

The following have been partly reported in the literature; 
we reconfirm them fully:

• The temperature of  CO2 due to expansion and compres-
sion may change in  CO2 fracturing even when the initial 
temperature of  CO2 and the rock are the same.

• Fracturing by water has higher breakdown pressure 
than by  CO2 in granite. The fractures induced by  CO2 

Fig. 9  Fracture pattern for water 
fracturing. a, c adapted from 
Isaka et al. (2019), with permis-
sion from Elsevier. Confining 
pressure = 40 MPa

Measurements by Isaka et al.   Simulations

Water fracturing, 
20oC:

(a) (b) 

Water fracturing, 
100oC:

(c) (d) 
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Fig. 10  Fracture pattern for  CO2 
fracturing. a, c, e, g adapted 
from Isaka et al. (2019), with 
permission from Elsevier. Con-
fining pressure = 40 MPa

Measurements by Isaka et al.        Simulations

CO2 fracturing, 
50oC:

(a) (b) 

CO2 fracturing, 
100oC:

(c) (d) 

CO2 fracturing, 
200oC:

(e) (f) 

CO2 fracturing, 
300oC:

(g) (h) 
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Fig. 11  a Geometry of the large 
domain simulation; b pressure 
in the notch vs. time in water 
fracturing; c–i phase-field 
profiles during fracture propa-
gation; j, k pressure profiles 
during fracture propagation: 
unconfined domain. T = 20 °C

(a) Geometry (b) Pressure vs. time in the notch

Phase-field profile during pressure buildup:
(c) 2nd (d) 3rd (e) 4th

Phase-field profile during pressure buildup:
(f) 5th (g) 6th (h) 7th

Pressure profile:
(i) Final phase-field (j) Before 4th pressure 

buildup
(k) After 4th pressure 

buildup
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Fig. 12  Pressure profiles in 
fracture before 5th buildup

Pressure profile in fracture at:
(a) 670 s (b) 700 s (c) 750 s (d) 850 s (e) 950 s (f) 1100 s

Fig. 13  a Pressure in the 
notch vs. time in water and 
 CO2 fracturing, large domain, 
unconfined condition; b–d 
phase-field profiles in water and 
 CO2 fracturing

(a) Pressure vs. time in the notch

Final phase-field profile:
(b) water fracturing at 

300oC 
(c) CO2 fracturing at 

50oC 
(d) CO2 fracturing at 

300oC 
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are more likely to have branching and complex patterns 
compared to water. The fracture surface area of  CO2 is 
higher than water.

• The critical energy release rate Gc of water–granite is 
higher than  CO2-granite. Higher Gc leads to higher break-
down pressure and lower Gc may lead to branching. The 
difference between Gc of  CO2-shale and water-shale may 
be higher than the corresponding Gc in granite.

• The breakdown pressure of granite at high temperature 
is lower than that of low-temperature granite. The reduc-
tion of breakdown pressure is much lower when there is 
confining pressure.

The new findings from our work are:

• We provide the critical energy release rate Gc of the 
water–granite. Gc is 35 N/m for Inada granite and 100 
N/m for Harcourt granite. The critical energy release rate 
does not change appreciably with temperature. It is esti-
mated to be 25 N/m for  CO2-granite.

• Fracturing beyond the small laboratory-scale experi-
ments may have features different from laboratory scale. 
Because the fractures may propagate much faster than 
the fluids, there may be a significant difference between 
water fracturing and  CO2 fracturing in filling of created 
fractures. In water fracturing, the initial fractures created 
from the first breakdown pressure may stop until pres-
sure buildup in the fracture reaches a second breakdown 
pressure and the process may be repeated. In  CO2 fractur-
ing, due to  CO2 compressibility there may be continuous 
fracture propagation or less frequent stop and go.

The work has set the stage for advancing simulation of 
fracturing in 3D EGS systems and investigation of natural 
fractures on breakdown pressure and fracture propagation. 
The goal is to simulate fracturing in large-scale geothermal 
fields. The phase-field formulation advantage over alterna-
tive methods is that geometry of created fractures including 
branching can be predicted. In this work, we have used fine 
gridding in the whole domain because we do not know a 
priori where fractures will be created and do not have knowl-
edge of where the propagation will lead to. An advanced 
dynamic adaptive gridding for fully compressible flow may 
be the key option.

Supplementary Information The online version contains supplemen-
tary material available at https:// doi. org/ 10. 1007/ s00603- 023- 03355-7.
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